Contents

Preface
Part I: Fundamentals

1. First Step to Finite Element Method
1.1 Introduction
1.2 'Whatis the Finite Element Method?
1.3 Similarities between Finite Difference Method and
Finite Element Method
1.4 The Differences between Finite Difference Method
and Finite Element Method
1.5 Finite Element Procedures
1.6 Applications of the Finite Element Method
1.7 Closure
Bibliography

2. Direct Method

2.1 Introduction

2.2 Derivation of Finite Element Equations in One Dimension
2.2.1 RodElement
2.2.2 Heat Conduction Element
2.2.3 Pipe Element

2.3 Assembling of the Finite Element Equations
2.3.1 Assembling of Element Matrices
2.3.2 Characteristics of the System Matrix
2.3.3 One-dimensional Example

2.4 Transformation of Element Matrix
2.4.1 Necessity for Matrix Transformation
2.4.2 Matrix Transformation

[y

~ N W W

15

16
19
24
25

27
27
28
28
30
32
34
35
39
41
44
44
45



2.4.3 Two-dimensional Truss Example
2.5 Closure
Bibliography
Exercises

3. Variational Method
3.1 Introduction
3.2 Variational Method
3.2.1 Physical Meaning of the Variational Function
3.2.2 Example of the Variational Method
3.3 RitzMethod
3.3.1 General Procedure of the Ritz Method
3.3.2 RitzMethod Example
3.4 Derivation of Finite Element Equations by
Variational Method
3.4.1 Element Interpolation Functions for
One-dimensional Problem
3.4.2 Properties of Element Interpolation Functions
3.4.3 General Procedure of the Variational Finite
Element Method
3.4.4 One-dimensional Example
3.4.5 Element Interpolation Functions for
Two-dimensional Problem
3.4.6 Derivation of Finite Element Equations for
Two-dimensional Problem
3.4.7 Two-dimensional Example
3.5 Closure
Bibliography
Exercises

4. Method of Weighted Residuals

4.1 Introduction

4.2 Method of Weighted Residuals
4.2.1 Point Collocation Approach
4.2.2 Subdomain Collocation Approach
4.2.3 Galerkin Approach
4.2.4 Least Squares Approach

4.3 Derivation of Finite Element Equations
4.3.1 General Procedure

Contents

50
56
56
57

65
65
66
66
67
70
71
72
75

76

78
78

80
88

92

95
101
101
102

109
109
110
113
113
114
115
118
118



Contents

4.3.2 One-dimensional Example 120

4.3.3 Two-dimensional Example 131

4.4 Closure 143

Bibliography 143

Exercises - 144

5. Element Interpolation Functions and Numerical 155
Integration

5.1 Introduction 155

5.2 Interpolation Functions for One-dimensional Elements 156

5.3 Interpolation Functions for Two-dimensional Elements 158

5.3.1 Triangular Element 158

5.3.2 Rectangular Element 162

5.4 Interpolation Functions for Three-dimensional Elements 166

5.4.1 Tetrahedral Element 166

5.4.2 Hexahedral Element 167

5.5 Computation of Element Matrices 169

5.5.1 Integration Formula 169

5.5.2 Example of Element Matrix Computation 173

5.5.3 Computer Program 177

5.6 Closure 183

Bibliography 184

Exercises 185

Part I1: Applications 191

6. Elasticity Problems 193

6.1 Introduction 193

6.2 Basic Equations for Three-dimensional Elastic Solids 194

6.2.1 Differential Equations 194

6.2.2 Variational Function 196

6.2.3 Finite Element Equations 199

6.3 Truss Problems 202

6.3.1 Basic Equations 202

6.3.2 Finite Element Equations 202

6.4 'Two-dimensional Problems 205

6.4.1 Basic Equations 205

6.4.2 Finite Element Equations 207

6.5 Axisymmetric Problems 210



6.5.1 Basic Equations
6.5.2 Finite Element Equations
6.6 Beam Bending Problems
6.6.1 Basic Equations
6.6.2 Finite Element Equations
6.6.3 Two-dimensional Matrix Transformation
6.7 Plate Bending Problems
6.7.1 Basic Equations
6.7.2 Finite Element Equations
6.7.3 Rectangular Elements
6.7.4 Triangular Elements
6.8 Structural Dynamics
6.8.1 Basic Equations
6.8.2 Harmonic Oscillation
6.8.3 Oscillation of Mass-spring Systems
6.8.4 Oscillation in Elastic Bar
6.8.5 Oscillationin Beam
6.8.6 Mode Superposition Technique
6.8.7 Recurrence Relations Technique
6.9 Closure
Bibliography
Exercises

7. Heat Transfer Problems

7.1 Introduction

7.2 Basic Equations in Three Dimensions
7.2.1 Governing Differential Equation
7.2.2 Finite Element Equations

7.3 Finite Element Matrices
7.3.1 One-dimensional Element
7.3.2 Two-dimensional Elements
7.3.3 Three-dimensional Elements

7.4 Heat Transfer Analyses
7.4.1 Linear Steady-state Analysis
7.4.2 Linear Transient Analysis
7.4.3 Non-linear Steady-state Analysis
7.4.4 Non-linear Transient Analysis

7.5 Convective-diffusion Equation
7.5.1 Differential Equation
7.5.2 Finite Element Equations

Contents

210
211
213
213
214
219
222
222
226
229
236
241
241
243
247
253
256
259
262
273
273
275

287
287
288
288
290
293
293
295
299
303
303
306
317
329
331
332
332



Contents

7.6 Thermal Flow
7.6.1 Differential Equations
7.6.2 Finite Element Equations
7.7 Closure
Bibliography
Exercises

8. Fluid Flow Problems
8.1 Introduction
8.2 Governing Differential Equations
8.3 Inviscid Incompressible Flow
8.3.1 Differential Equation
8.3.2 Finite Element Equations
8.4 Inviscid Compressible Flow
8.4.1 Differential Equations
8.4.2 Finite Element Equations
8.5 Viscous Incompressible Flow
8.5.1 Differential Equations
8.5.2 Finite Element Equations
8.5.3 Finite Element Matrices
8.5.4 Application of Newton-Raphson Iteration
Technique
8.6 Viscous Compressible Flow
8.6.1 Differential Equations
8.6.2 Finite Flement Equations
8.7 Closure
Bibliography
Exercises

9. Finite Element Computer Programs

9.1 Introduction

9.2 Heat Transfer Analysis Program
9.2.1 Problem Statement and Finite Element Equations
9.2.2 Detail of Computer Program HEAT2D
9.2.3 Listing of Heat Transfer Analysis Program HEAT2D
9.2.4 Input Data for HEAT2D
9.2.5 Examples

9.3 Stress Analysis Program
9.3.1 Problem Statement and Finite Element Equations

335
336
337
340
341
343

353
353
354
357
357
359
366
366
368
375
375
378
381
388

397
397
399
408
408
411

417
417
418
418
421
422
432
434
441
442



Contents

9.3.2 Detail of Computer Program STRES2D 444

9.3.3 Listing of Heat Transfer Analysis 446

Program STRES2D
9.3.4 Input Data for STRES2D 458
9.3.5 Examples 460
9.4 Plate Bending Analysis Program 470
9.4.1 Problem Statement and Finite Element Equations 471
9.4.2 Detail of Computer Program PLATE2D 474
9.4.3 Listing of Plate Bending Analysis Program 475

PLATE2D

9.4.4 Input Data for PLATE2D 484
9.4.5 Examples 486
9.5 Graphics Program 495
9.5.1 Listing of Graphics Program FEPLOT 495
9.5.2 Input Data for FEPLOT 502
9.6 Closure 3 ‘ 503
Bibliography 504
Exercises 505
Appendix A Matrices 523
A1 Definitions. 523
A.2 Matrix Addition and Subtraction 525
A.3 Matrix Multiplication 526
A.4 Matrix Transpose 527
A.5 Matrix Inverse 5217
A.6 Matrix Partitioning 528
A.7 Calculus of Matrices 529
Appendix B Integration Formula for Triangular Elements 531
Appendix C Unit Conversion 537
Appendix D Properties of Materials and Fluids 541
D.1 System International Unit 541
D.2 English Unit 542
Appendix E Proof of dA =1 J 1 d€é dn 545

Index 549



