ABSTRACT
ALGEBRA

An Introduction to
- Groups, Rings and Fields

)

.eWorld Scientific




Contents

PPEFACE covvereiiien ettt b vil
List OF TABIES ..ot ix
List OF FIGUFS 1vvvvvvviviniiiiririnis e s s Xi

Chapter 1 Logic and Proofs ... 1
1.7 TIEEOQUCTION ttuririritiitiririritiiieiaesseetetetetetesatesatasssmeessssssensnsnsnsesnsssnsnsnsasnsssnsnsnses 1
1.2 Statements, Connectives and Truth Tables ..o, 2
1.3 Relations Between STAEIIENES ... ..cveeiieeieieeeeeeieeeeeeee e e e eeeaeressinaeeesereassnnns 6
1.4 QUANLITIETS ... e e 7
1.5 Methods Of Proof. ...t e et 10
1.6 EXETCISES . uveieiuveiornrersiaiurererienreesssnteessaianaessssssesesesnsnsesssnsesssrssreessssnsesssssassnss 13

Chapter 2 Set Theory ......... ettt ettt nn et 17
2.1 DEfINILIONS 1ererreeeararreerarieiecsrnrresisiresessainesesiessrnmessosinsssssainessssreesessnsesssssnseees 17
2.2 Relations BEIWEan SELS ......cccovvvieeeinirisiiicie et neerniescsnsesre s cnsssssss s ssssssanas 19
2.3 Operations Defined on Sets — Or New sets from Old.......ccccvevviiiiinan 20
2.4 BXErcises .ooovvvvvineniiineeanns SO OO DT U TR O TSROSO UT OO SUUPPTORP 24

Chapter 3 Cartesian Products, Relations, Maps and Binary Operations ........ 20
3.1 INEPOAUCHION .ceoiireeecii it vrirae s s raeaesrbr e e s s nree e s e anaeesrntnaearsnbeessratbbetiet srbesssres 29
3.2 Cartesian PrOQUCES.....oovivviiiiniresisinen i rrirres s reessnessreesinessreesinesssssesrssresssrnss 29
3.3 MAPS. e e 37
3.4 BINAry OPEratiOns ...eveeeecreraereeerninrassssse e e s e n s eeseseeeeanssssessesssnesns 46
T 5 - (o £ S OSSOSO UPRTRPPRRROTOOR 53

Chapter 4 The IIEZETS ..ot eeae e eneas 59
AL IBETOUUCKHON . ...eecvieiicivecree e v e cre e sresrresresareratesetas st aeestosnresnresnteortasans 59
4.2 Elemmentary PrOPEITIBS . i.iriririeviersierrissirississsssiisismssersessersessssiesesesssrsasssosns 59
4.3 DIVISIDIILY 1uviiiveniiiiiiiiiie sttt st 67
4.4 The Fundamental Theorem of AfithmetiC ......cccoevivice e 73
4.5 The Algebraic Systemn (7,4, )and Congruences........covvveceeueecnencnienns 76
4.6 Congruences in Z and EQUations in Zi, ...covevrivireimiiorniniieininssssinssssssinsens 85

4.7 Exercises

xiii



Xiv Contents

Chapler 5 GroUps oo eiiccniseessnesne s s e sasstasnss s sresresreress 97
5.1 IMPOAUCHION c.cvve ettt e e a s n e sen et s s st aesar s 97
5.2 Definitions and Elementary Properties........coiiinin, 98
5.3 Alternative Axioms fOr GIOUPS. .....coicniiiiiiiiiiii e e 106
5.4 SUDZIOUPS. .t e e 108
5.5 CyClic GIoUuPS....oooiiieeecee e e et s 115
5.0 EXEITISES vevvvveeerirseseensesereeeste st ste st tere e e et e etee e bbb s ettt s et 120

Chapter 6 Further Properties 0f GIOUPS .....ccocoviiciniciicniinnionmiminicen e, 127
0.1 INTOAUCHION .. ..ottt et ee e e n e st sn e 127
0.2 C0BBLS ettt e e et e 127
6.3 Isomorphisms and HomomorphiSIms ......oocvveviciniicnicesinennvernirrin e 135
6.4 Normal Subgroups and Factor Groups. ..., 142
6.5 Direct Products 0f GrOUPS.....coa oottt s 154
0.0 EXEICISES 1ovviviirrieriiieiie ettt et st cmee e et e st sbs b e e b e 158

Chapter 7 The Symmetric GIOUPS ......ccccvvirenimmniiinviesie i eees 165
T TTOAUCHON .ottt e 165
7.2 The Cayley Representation Theorem .....ccociinicicnnniecnnicnnnns 165
7.3 Permutations as Products of Disjoint Cycles.....ooviiicncinnnninnnn, 167
7.4 Odd and Even Permutations. ..o veeercveeneee s 172
7.5 Conjugacy Classes of 8 GIOUP ....ccovvviiriiiiiciiccic s 178
7.0 EXEICISES 1uvevereeerieeeestereee s e e sre e s e se s se st ia s sa st et e sn b st ee s ra e ssseans s 183

Chapter 8 Rings, Integral Domains and Fields .......cooiiniviciciiniiiiiiennnan 187
BT RIMES tvivrirerrerieeerir et ser et e et ceaesres sas bbbt e b s bbbt e 187
8.2 Homomorphisms, Isomorphisms and Ideals ..., 194
8.3 Isomorphism Theorems. ... e 199
8.4 Direct Sums of Rifgs ....ovcvvvvmvriiiimiiicev i 201
8.5 Integral Domains and Fields ... 206
8.6 Embedding an Integral Domain in a Field ......cccovrnniiiinnciiniciinin, 212
8.7 The Characteristic of an Integral DOMAIN .....ccooeernninnii e 215
BB EKEICISES 11vvvivrerveerreereeeteneen e st et et et et e eme st e e b o st b st s e e e 218

Chapter 9 Polynomial Rings .........ccccooviiiiiininiininniseeeieeaes 229
9.1 INEEOAUCHION c.evvvevr ettt e n et ea e e e s sranener e ereeeeas 229
9.2 Definitions and Elementary Properties. ........oocoevivivnininnnsnnccisinsninen 230
9.3 The Division Algorithm and Applications ..., 234
9.4 Trreducibility and Factorization of Polynomials........ccoveciiniinnn. 241

9.5 Polynomials Over More Familiar Fields ..., 247



Contents Xv

9.6 Factor Rings of the Form Flx] (e(x) FaField ..o 255
9.7 FEREICTIBES -.cvvviiiarireriss it ise et b bbb bbb s bbbt e 263

Chapter 10 Field EX{ensions ..., 269
10.1 IREPOAUCHOI ettt ettt e 269
10.2 Definitions and Elementary Results ...........cccciivciiniiniiicnieie 269
10.3 Algebraic and Transcendental Elements ... 275
10.4 Algebraic EX{ENSIONS. ..o 278
10.5 FInite FIelds. ..o 286
10.6 BEXBICIBES 1vevrrvieittiatueeistaiaeresssresssssasnbseessasataens rontiarase st teatseseeabsstesesaneensnss 291

Chapter 11 Latin Squares and Magic SQuares ..., 297
11,7 Latin SQUATES ..e.ceitiveeitiriiaiiiine et siestescseesais et s ebesaaece e e smeeessennneaeans 297
11.2 Magic SQUATES ..o e 303
T3 BXBICISES oot e e ee e e e e e e et ee s e smne s s ee e s s e e e e e eeaaneeesrnaeannn 306

Chapter 12 Group Actions, the Class Equation and the ..........cccocceiiiin 309

Sylow Theorems

12,1 Group ACLIONS ..eveiiieiiee it st s e s be st r s nan e 309
12.2 The Class Equation of a Finite Group ....c.cooveenineniinieenin e 314
12.3 The Sylow Theorems ... 315
12.4 Applications of the Sylow Theorems ... 321
12,5 EXEICISES uorveerirreie it bt socemce e em e sr et e st e seesr e s e s e e e e st saesanenten 335

Chapter 13 ISOMELIIES .. 341
13.1 Isometries OF R ..ottt bbb es e anenna 341
13.2 Finite Subgroups of E(2) ..o 345
13.3 The Platonic SOlds. ..o v 348
13.4 ROAGONS 1N R ....oioiieieseririensisse s sis s cass s sneess s o 353
13,5 EXEICISES 1iveriiiiniiiiniininiieiie ittt ettt 359

Chapter 14 Polya-Burnside Enumeration...........ccovevecvvennivnearnninnnsnnennennes 363
141 TRrOAUCHION. ..ottt ettt ss st nbe e 363
14.2 A Theorem of Polya......c.cocoivviiiinniiccnenns OO UTN OO TURU P TUUUTTTURVRTRRUN 366
14,3 EXCICISES wevvvvvveieeiieieieiencn e e eb bt st bbb tscs bbb ba e as 373

Chapter 15 Group Codes. ... ..ot seeees e sre e ebe s 377
L5, 1 INtrOAUCHON oo saeceaeseaersestesnsra s s vrsba st s vrsstersensnterssnsntes 377
15.2 Definitions and NOLEEHON .......vcvviniceimmnireenimmiisseen s 379
15.3 Group COUES..mviivieeiie et e e b sa s se s siesr et ebasseis 384

15.4 Construction 0f Group COAES. .....cocevreeereeeerr et seeresseeeeseesssssanes 388



xvi Cantents

15.5 At the Receiving End ......ocovviviiirniniieree s siereescevsanesireesinnssereesinnssares 390
15.6 Nearest Neighbor Decoding for Group Codes ......cccoevvveeiiniininiincnin 392
15.7 Hamuming Codes ........oovvriiviirrsivrerrs e sesness s eesseenennsnmsnersssresssnessceseses 397
158 BXEICISES .o vovevevvieneerir e sn e e s en s 399

Chapter 16 Polynomial Codes.... ... e 405
16.1 Definitions and Elementary Results. ..., 405
TO.2Z BOH COdes. oottt e et e 412
T6.3 BEETCISES 11vneieiie i cicee ettt te et ceeeee s et s et b et een e s amre e s e e ene s 420

Appendix A Rational, Real and Complex Numbers .........ccccocevvvvnnnnicnnen 423
A IRroduction .o 423
A.2 The Real and Rational Number Systerms....occoovevicvironioninineninnioneeeens 424
A3 Decimal Representation of Rational Numbers ... 427
A4 Complex NUBDETS ..oooviieeeece e ceeeeee e 428
A.5 Polar Form of a Complex Number ... 432
ALB EXEICISES .ooviviriiieci ettt 440

Appendix B Linear Algebra.....c.ooceoiininiiiicinnnnn e 445
B.1 VECtor SPACES ..ovoviniiiiiieiiieiecrtcitssie sttt csb et st 445
B.2 Linear Transformations .....coccoviicece i eeee e e 452
B.3 Inner Product Spaces ... 462
B .4 Orthogonal Linear Transformations and Orthogonal Matrices .......covvees 468
B.5 DO IIIANLS. . ooeteteee ettt st ettt s a e bbb 471
B.6 Eigenvalues and EIgenvectors ...t et 480
BT EXETCISES . e enit ittt e e s e e e et re e b e ene s 482



