Contents

1

Preface XV
One-Sample Problems 1
1.1 Introduction . . . . . L v 1
1.2 Location Model . . . . . .. .. ... 2
1.3 Geometry and Inference in the Location Model . . . . . . . .. 5

1.3.1 Computation . . . ... .. ... ... ... 13

1.4 Examples . . . .. ... 14

1.5 Properties of Norm-Based Inference . . . . . . ... .. .. .. 19

1.5.1 Basic Properties of the Power Function y¢(6) . . . . . 20

1.5.2  Asymptotic Linearity and Pitman Regularity . . . . . . 22

1.5.3  Asymptotic Theory and Efficiency Results for h ... 26
1.5.4 Asymptotic Power and Efficiency Results for the Test

Basedon S(8) . . . . . ... .. 27

1.5.5 Efficiency Results for Confidence Intervals Based on S(#) 29

1.6 Robustness Properties of Norm-Based Inference . . . . . . .. 32

1.6.1 Robustness Properties of O . 33

1.6.2 Breakdown Properties of Tests . . . . . . .. . ... .. 35

1.7 Inference and the Wilcoxon Signed-Rank Norm . . . . . . .. 38

1.7.1  Null Distribution Theory of T(0) . . . ... ... ... 39

1.7.2 Statistical Properties . . . . . . . .. ... 40

1.7.3 Robustness Properties . . . . . . ... ... ... ... 46

1.8 Inference Based on General Signed-Rank Norms . . . . . . .. 48

1.8.1 Null Properties of the Test . . . . . . ... ... ... . 50

1.8.2 Efficiency and Robustness Properties . . . . . . . . .. 51

1.9 Ranked Set Sampling . . . . . . ... ..o 57

1.10 L, Interpolated Confidence Intervals . . . . .. .. ... ... 61

1.11 Two-Sample Analysis . . . . . . . . ... . ... ... .. 65

1.12 Exercises . . . . . . . .. 70



CONTENTS

2 Two-Sample Problems 77
2.1 Introduction . . . . . . . . . .. ... 77
2.2 Geometric Motivation . . . . . . .. ... ... .. 78

2.2.1 Least Squares (LS) Analysis . . . ... ... ... ... 81
222 Mann-Whitney-Wilcoxon (MWW) Analysis . . . . . . 82
2.2.3 Computation . . . . . . . . ..o 84
2.3 Examples . . . . .. ... 84
2.4 Inference Based on the Mann-Whitney-Wilcoxon . . . . . . . . 87
24.1 Testing . . . . . ..o 87
2.4.2 Confidence Intervals . . . . .. ... ... ... ... 97
2.4.3 Statistical Properties of the Inference Based on the MWW 97
244 Estimationof A . . . ... oL 102
2.4.5 Efficiency Results Based on Confidence Intervals . . . . 103
2.5 General Rank Scores . . . . ... ..o 105
2.5.1 Statistical Methods . . . . . . . ... ... ... ... . 109
2.5.2 Efficiency Results . . . . . . .. ... ... ... .. .. 110
2.5.3 Connection between One- and Two-Sample Scores . . . 113
2.6 Ly Analyses. . . . .. . .o o 115
2.6.1 Analysis Based on the L; Pseudo-Norm . . . . . . . .. 115
2.6.2 Analysis Based on the Ly Norm . . . .. ... ... .. 119
2.7 Robustness Properties . . . . . .. . ... ... ... ... . 122
2.7.1 Breakdown Properties . . . . .. ... ... .. ... . 122
2.7.2 Influence Functions . . . . . . . . ... .. ... .. .. 123
2.8 Proportional Hazards . . . . . . .. ... .. ... ... .. 125
2.8.1 The Log Exponential and the Savage Statistic . . . . . 126
2.8.2 Efficiency Properties . . . . . .. ... ... ... 129
2.9 Two-Sample Rank Set Sampling (RSS) . . . .. ... ... .. 131
2.10 Two-Sample Scale Problem . . . . . .. ... ... ... .. 133
2.10.1 Appropriate Score Functions . . . . . . . . ... .. .. 133
2.10.2 Efficacy of the Traditional F-Test . . . . . . . ... .. 142
2.11 Behrens-Fisher Problem . . . . . . . .. ... ... ... ... 144
2.11.1 Behavior of the Usual MWW Test . . . . . . . . .. .. 144
2.11.2 General Rank Tests . . . . . . . . ... ... .. .... 146
2.11.3 Modified Mathisen’s Test . . . . . . . . ... . ... .. 147
2.11.4 Modified MWW Test . . . . .. ... .. ... ..... 149
2.11.5 Efficiencies and Discussion . . . . . . . . . . . ... .. 150
2.12 Paired Designs . . . . . .. ..o 152
2.12.1 Behavior under Alternatives . . . . . . ... . ... .. 156
2.13 Exercises . . . . . ... 157



CONTENTS

3 Linear Models

3.1
3.2

3.3
3.4
3.5

3.6

3.7

3.8
3.9

3.10
3.11

3.12

3.13
3.14

Introduction . . . . . . . ..o
Geometry of Estimation and Tests . . . . . ... ... ... ..
3.2.1 The Geometry of Estimation . . . . . . .. .. ... ..
3.2.2 The Geometry of Testing . . . . . . . ... ... .. ..
Examples . . . . . . ..
Assumptions for Asymptotic Theory . . . .. ... ... ...
Theory of Rank-Based Estimates . . . . .. ... ... ... ..
3.5.1 R Estimators of the Regression Coefficients . . . . . . .
3.5.2 R Estimates of the Intercept . . . . . . .. .. ... ..
Theory of Rank-Based Tests . . . . ... ... ... ......
3.6.1 Null Theory of Rank-Based Tests . . . . . ... .. ..
3.6.2 Theory of Rank-Based Tests under Alternatives . . . .
3.6.3 Further Remarks on the Dispersion Function . .
Implementation of the R Analysis . . . . ... ... ... ...
3.7.1 Estimates of the Scale Parameter 7, . ... . ... ..
3.7.2 Algorithms for Computing the R Analysis . . . . . ..
3.7.3 An Algorithm for a Linear Search . . . . . .. ... ..
Li Analysis . . . . .. .
Diagnostics . . . . . . . ...
3.9.1 Properties of R Residuals and Model Misspecification .
3.9.2 Standardization of R Residuals . . . ... .. ... ..
3.9.3 Measures of Influential Cases . . . . . ... ... ...
Survival Analysis . . . . . .. ..o oo
Correlation Model . . . . . . . . . ... oo
3.11.1 Huber’s Condition for the Correlation Model . . . . . .
3.11.2 Traditional Measure of Association and Its Estimate
3.11.3 Robust Measure of Association and Its Estimate . . . .
3.11.4 Properties of R Coefficients of Multiple Determination
3.11.5 Coefficients of Determination for Regression . . . . . .
High Breakdown (HBR) Estimates . . . .. ... ... .. ..
3.12.1 Geometry of the HBR Estimates . . . ... ... ...
3.12.2 Weights . . .. ... .. P A
3.12.3 Asymptotic Normality of Bypr - - - - - - . . - . ..
3.12.4 Robustness Properties of the HBR Estimates . . . . . .
3.12.5 Discussion . . . . . . .. ..o
3.12.6 Implementation and Examples . . . . . . . . .. .. ..
3.12.7 Studentized Residuals . . . . . ... ... .. .. ...
3.12.8 Example on Curvature Detection . . . . . . .. .. ..
Diagnostics for Differentiating between Fits . . . . . . . . ..
Rank-Based Procedures for Nonlinear Models . . . . . . . ..
3.14.1 Implementation . . . . . . . .. .. ... ... .. ...



CONTENTS

3.15 Exercises . . . . ..o 282
Experimental Designs: Fixed Effects 291
4.1 Introduction . . . . . . ... 291
1.2 One-way Design . . . . . . ... 292
4.2.1 R Fit of the One-way Design . . . . . . . .. .. .. . . 294
4.2.2 Rank-Based Tests of Hy: jty =+~ =y . . . . .. .. 296
4.2.3 Tests of General Contrasts . . . . . .. .. ... .. .. 299
4.2.4 More on Estimation of Contrasts and Location . . . . . 300
4.2.5 Pseudo-observations . . .. .. ... ... ... 302
4.3 Multiple Comparison Procedures . . . . .. .. . ... ... . 304
4.3.1 Discussion . . . . .. ... oo 311
4.4 Two-way Crossed Factorial . . . . . . ... ... ... .. .. 313
4.5 Analysis of Covariance . . . . . . .. ... 0L 317
4.6 Further Examples . . . . . . .. .. ... .. ... .. ... .. 321
4.7 Rank Transform . . . . . . . .. .. . ... ... 325
4.7.1 Monte Carlo Study . . . . . ... ... ... 327
4.8 Exercises . . . . . .. 331
Models with Dependent Error Structure 337
5.1 Introduction . . . . . . ... ... Lo 337
5.2 General Mixed Models . . . . ... ... ... 337
5.2.1 Applications . . . . ... .. Lo 342
5.3 Simple Mixed Models . . . . . . . ... ... ... ... 342
5.3.1 Variance Component Estimators. . . . . . . .. .. . . 343
5.3.2 Studentized Residuals . . . . . ... ... ... ... . 344
5.3.3 Example and Simulation Studies . . . .. ... .. .. 346
5.3.4 Simulation Studies of Validity . . . . . . ... ... . . 347
5.3.5 Simulation Study of Other Score Functions . . . . . . . 349
5.4 Arnold Transformations . . . .. ... ... ... .. ... ... 350
5.4.1 R Fit Based on Arnold Transformed Data . . . .. .. 351
5.5 General Estimating Equations (GEE) . . .. .. ... ... .. 356
5.5.1 Asymptotic Theory . . . . . . . . .. ... ... ... 359
5.5.2 Implementation and a Monte Carlo Study . . . . . .. 360
53.5.3 Example: Inflammatory Markers . . . . .. ... .. .. 362
5.6 Time Series . . . . . . ... 366
5.6.1 Asymptotic Theory . . . . . . ... ... .. .. ... . 368
5.6.2 Wald-Type Inference . . . . . . . ... .. ... ... . 370
5.6.3 Linear Models with Autoregressive Errors . . . . . . . 372

5.7 Exercises . . . . . ... 375



CONTENTS

6 Multivariate 377
6.1 Multivariate Location Model . . . . . . .. . ... ... ... 377
6.2 Componentwise Methods . . . . ... .. ... ... .. ... . 382

6.2.1 Estimation. . . . . . . . ... 385
6.2.2 TeSHNE . « o o e 386
6.2.3 Componentwise Rank Methods . . . . . .. .. .. .. 390
6.3 Spatial Methods . . .. . .. ... 000000 392
6.3.1 Spatial Sign Methods . . . . .. .. ... .. ... .. 392
6.3.2 Spatial Rank Methods . . . . . ... ... .. ... .. 399
6.4 Affine Equivariant and Invariant Methods . . . . . . .. . .. 403
6.4.1 Blumen’s Bivariate Sign Test . . . . . . ... ... .. 403
6.4.2 Affine Invariant Sign Tests . . . . . . . . . ... . ... 405
6.4.3 The Oja Criterion Function . . . . .. .. ... .. .. 113
6.4.4 Additional Remarks . . .. ... 000000 118
6.5 Robustness of Estimnates of Location . . . . . . . .. . . ... 419
6.5.1 Location and Scale Invariance: Componentwise Methods 419
6.5.2 Rotation Invariance: Spatial Methods . . . . . . . . .. 420
6.5.3 The Spatial Hodges-Lehmann Estimate . . . . . . . . . 421
6.5.4 Affine Equivariant Spatial Median . . . . . . . . .. .. 421
6.5.5 Affine Equivariant Oja Median . . . . .. ... .. .. 422
6.6 Linear Model . . . . . . . ... ..o 422
6.6.1 Test for Regression Effect . . . . . . ... ... .. .. 425
6.6.2 The Estimate of the Regression Effect . . . . . . . .. 431
6.6.3 Tests of General Hypotheses . . . . . . .. .. ... .. 432
6.7 Experimental Designs . . . . . . . ... ... ... 439
6.8 Exercises . . . . . ... 443

A Asymptotic Results 447
A1 Central Limit Theorems . . . . . . .. . .. ... ... .... 447
A.2 Simple Linear Rank Statistics . . . . . . . .. ... ... ... 448

A.2.1 Null Asymptotic Distribution Theory . . . . . . . . .. 449
A2.2 Local Asymptotic Distribution Theory . . ... .. .. 450
A.2.3 Signed-Rank Statistics . . . . . ... . ... ... ... 457
A.3 Rank-Based Analysis of Linear Models . . . . .. .. ... .. 460
A3.1 Convex Functions . . . . . . . .. ... ... ...... 463
A.3.2 Asymptotic Linearity and Quadraticity . . . . . . . . . 464
A.3.3 Asymptotic Distance between B and B ......... 467
A.3.4 Consistency of the Test Statistic F, . . . . . .. .. .. 468
A35 Proofof Lemma3.5.1. . ... ... .. ... ... .. 469
A.4 Asymptotic Linearity for the L; Analysis . . . . . . . ... .. 470

A5 Influence Functions . . . . . . . . . . . . . . ... ..., 473



CONTENTS

A.5.1 Influence Function for Estimates Based on Signed-Rank

Statistics . . . . . . . ..o 474

A.5.2 Influence Functions for Chapter 3 . . . . ... ... .. 476

A.5.3 Influence Function of Bypp of Section 3.12.4 . . . . . . 482

A.6 Asymptotic Theory for Section 3.12.3 . . . . . . . . .. .. .. 484
A.7 Asymptotic Theory for Section 3.12.7 . . . . . .. ... .. .. 491
A.8 Asymptotic Theory for Section 3.13 . . . . . . .. ... .. .. 492
References 495
Author Index 521

Index 527



