Modeling
Differential Equations

Clifford Henry Taubes



Contents

Preface . . . . . . . .. . . e XV
Chapter 1 Imtroduction . ... ...................... 1
Section 1.1 Modeling in the Biological Sciences . . . . .. ... ... .. 1
Section 1.2 Equations .. ... ......... e e 2
Section 1.3 Differential Equations . . . . . ... ... ... ........ 3
Section 1.4 Continuity, Differentiation, and Derivatives . . . . . . ... .. 4
Section1.5 Continuity and Differentiability in Biology . . . . .. ... .. 5
Chapter 2 Exponential Growth . . . ... ... ............ 6
Section 2.1 The SimplestEquation . . . . . . ... ... ... ....... 6
Section 2.2 The Exponential Growth Equation . . . ... ... ... ... 7
Section 2.3 AnImportantRemark . . .. ... ... .. ... ....... 8
Section 2.4 A Generalization of the Exponential Growth Equation . . . . . 8
~Section 2.5 When Does the Exponential Growth Equation Arise? . . . . . . 9
Section2.6 Taylor'sTheorem . . . ... ... ... ... ... .. ... 9
Section 2.7 Doubling Timesand Half-Lives . . . . . . ... .. ... ... 11
Section 2.8 Sums of Exponential Functions . . . . . . ... .. ...... 12
Section2.9 Lessons. . . . .. ... ... . e 12
Section 2.10 Appendix on Taylor’s Approximations . . . .. .. ... ... 13
ReadingsforChapter2 . . . . . . ... ... ... ... .. e e e 14

2.1:  HIV-1 Dynamics in Vivo: Virion Clearance Rate, Infected Cell Life-
Span, and Viral GenerationTime . . . . ... ... ... ..... 14

2.2: LeftSnailsand RightMinds . . . . . . ... ... ... ... ..., 22



vi Contents

2.3:  Cloning of inv, a Gene that Controls Lefi/Right Asymmetry

and Kidney Development . . . . . .. ... ... ... ...... 32
2.4: A New Spin on Handed Asymmetry . . . . . ... ... .. ..... 40
ExercisesforChapter2 . . . .. .. ... ... ... . .......... 43
Chapter 3 Introduction to Differential Equations . . . . . . . . . . 45
Section 3.1 The Behavior of the Logistic Equation . . . .......... 46
Section 3.2 Another Example: Fishing Yields . . . . ... ......... 48
Section3.3 BriefSynopsis . . .. ... ... ... ... ... ...... 49
Section 3.4 Determinism . . . . ... ... ... ... .. ... ...... 49
Section 3.5 Global Temperatare . . . . ... ............ ... 50
Section3.6 Lessons. . . .. .. .. ... ... 52
ReadingsforChapter3 . . . . . ... .. ... ... ... . .. .. ..... 52
3.1: Biologists Sort the Lessons of Fisheries Collapse . . . . . ... .. 52
3.2:  New Study Provides Some Good News for Fisheries . . ... .. .. 55

3.3:  Population Dynamics of Exploited Fish Stocks at Low Population
Levels . . . . . . e 57
ExercisesforChapter3 . . . . . ... ... ... ... ... .. ... ... 62
Chapter 4 Stability in a One-Component System . . . . .. .. .. 64
Section4.1 Imitial Valuesof x(#) . . . . ... ... ... ... ... ..., 64
Section4.2 Stability . ... ...... ... ... ... .. ... ..., 65
Section4.3 Lessons. . . ... ... ... ... .. ..., a7
ReadingsforChapter4 . . . . . .. . . ... ... ... . ... . . . .... 68
4.1: Tempo and Mode of Speciation . . . . .. ... ... ........ 68
ExercisesforChapter4 . . . . .. .. ... ... ... ... ... .. .... 71
Chapter 5 Systems of First-Order Differential Equations . . . . . 73
Section5.] TheCasea>1 ... ...................... 74
Section52 TheCasea <1 ................ 0 .u...... 78
Section 5.3 The Lotka-Volterra Equation, a Predator-Prey Model . . . . . . 81
Section5.4 Lessons. . . .. ... ...ttt 85
ReadingsforChapter5 . . . . . ... .. ................... 85
5.1: LeftSnailsand RightMinds . . . . .. .. ... .. ......... 85
ExercisesforChapter 5. . . . .. ... ... .. ... ........... 86
Chapter 6 PhasePlane Analysis . . . .. ............. ... 87
Section 6.1 Quick Observations . . .. ................... 88
Section 6.2 A DifferentModel . . . . . ... ................ 88
Section 6.3 The Existence of Solutions and Their Uniqueness . . . . . . . 89
Section 6.4 Generalities . . . ... ... .. ... . ... ... .. ..., 90
Section 6.5 Summary of Phase Plane Analysis . . . ............ 90
Section 6.6 Phase Plane Analysis for the Epidemic Model . . .. ... .. 91
Section 6.7 Lessons. . . . . . . . . vttt e e e 94



Contents vil

6.1: Red Grouse and Their Predators . . . . . . ... .. ... ..... 94
6.2: Wolves, Moose and Tree RingsonlIsle Royale . . . ... ... ... 96
Exercises for Chapter6 . . . . . . . e e e 102
Chapter 7 Introductionto Vectors . ... ............... 104
Section 7.1 The General Equation . . . . ....... e e e 104
Section 7.2 Definiionof Vectors . . . . . . . .. ... ... ... ... 105
Section 7.3 Philosophical Remarks . . ... ................ 106
Section7.4 VectorsasFunctions . . . . .. .. ... ... ........ 106
Section 7.5 Functionsof Vectors . . . . . . . ... oot v v i v 106
Section7.6 AddingVectors. . . . .. ... ..... ... ... 107
Section 7.7 Multiplying Vectorsby Numbers . . . ... .......... 107
Section 7.8 TheLengthofaVector . ... ................. 107
Section79 DotProduct . .. ... ......... . .. .. ... 107
Section 7.10 Three-Component Vectors . . . . . . . . . . . o v v v v v v v 108
Section7.11 Lessons. . . . . .. ..« i it e 108
Readings for Chapter7 . . . . ... ... .. e e e e e e e e 109
1.1:  Power Laws Govertting Epidemics in Isolated Populations . . . . . 109
7.2:  Allometry and Simple Epidemic Models for Microparasites . . . . . 113
7.3:  Scope of the AIDS Epidemic in the United States . . . . . . . .. .. 118
ExercisesforChapter7 . . . . . . . .. . . v v i e 125
Chapter 8 Equilibrium in Two-Component, Linear Systems . . . 127
Section 8.1 Uniquenessof Solutions . . . . . ... .. ... ... ..... 127
Section 8.2 Equilibrium Solutions . . . . . . ... ..o L0 128
Section8.3 Determinants . . . .. ... ........... ... .. 129
Section 8.4 Stability . . ... ... ... ... ... 129
Section8.5 AnEquationforx(f)............... ... 129
Section8.6 Lessons. . . . . . . . ... ... e 131
ReadingsforChapter 8 . . . . . . . . .. ... .. . 131
8.1: Better Protection of the Ozone Layer . . . . . . . . ... ... ... 131
ExercisesforChapter 8 . . . . . . .. ... ... ... .. .......... 138
Chapter 9 Stability in Nonlinear Systems . . . .. . ... ... ... 140
Section 9.1 Definitionof Stability . : . . .. ... ............. 141
Section 9.2 Criteronfor Stability . . . . . . ... ... ... ... ..., 141
Section 9.3 Partial Derivatives . . . . . .. ... .. 0 e 142
Section 9.4  Applications of the Partial Derivative . . . . ... ... .... 143
Section 9.5 Examplesof Stability . .. ... ................ 143
Section9.6 Heuristics . .. ... ... ... ... .., 143
Section9.7 Lessons. . . ... .. ... .. ... e 145

Exercises forChapter9 . . . . .. ... ... .. .. PO I 145



viii Contents

' Chapter 10 Nonlinear Stability Revisited . . . . . .......... 147

Section 10.1 Review of the Stability Criteria for a One-Component Equation 147
Section 10.2 Stability for a Two-Component System . . . . . . .. ... .. 148
Section 1.3 The Example . . . . . . . . . . . . . .. 149
Section 10.4 More on Partial Derivatives . . . . .. ... ... ... .... 150
Section 10.5 Integration . . . . . . . . . .. .. 151
Section 10.6 Lessons . . . . . - . . . . .o it 153
ReadingsforChapter 10 . . . . . . . . . .. ... . e, 153
10.1: Hopes for the Future: Restoration Ecology and Conservation
Biology . . . . . . . .. e 153
10.2: Effects of Disturbance on River Food Webs . . . . . . . . ... .. 166
Exercisesfor Chapter 10 . . . . . . . ... . ... ... ... ... . ... 172
Chapter 11 Matrix Notation . . . . . ... ... ... ... ... ... 173
Section 11.1 Multiplying Matrices Against Vectors . . . . . . ... ... .. 173
Section 11.2 Manipulating Matrices . . . . . . .. ... ... ... .. ... 174
Section 11.3 Adding Matrices Together . . . . .. ... ... ... .. ... 174
Section 11.4 Multiplying MatticesbyaNumber . . . . ... ... ... .. 175
Section 11.5 Multiplying Matrices by Matrices . . . > . .. ... ... ... 175
Section 11.6 Diagonal Matrices . . . . . . .. ... ... .......... 175
Section 11.7 Determinantsand Traces . . . . . . ... ... ... ... ... 175
Section 11.8 Eigenvectors and Eigenvalues . . . . ... .. ......... 176
Section 11,9 Lessons . . . . . . . . . . ittt e e e 176
‘ExercisesforChapter 11 . . . . . . .. ... ... ... .. ... ...... 177
Chapter 12 Remarks About Australian Predators . . . . ... .. 178
Section 12,1 The PhasePlane . . . . . . . . .. . ... ... ... ..... 178
Section 12.2 The LarpeMammal Case . . . . . . ... ... ... ... .. 179
Section 12.3 The LargeReptileCase . . . . ... ... ... ... . .... 180
Section 124 Comments . . . . . . . . . . .. .. 180
Section 12.5 Lessons . . . . . . . . . .. it i i e i e e 180
ReadingsforChapter 12 . . . . . ... ... ... .............. 181
‘12.1:. The Case of the Missing MeatEaters . . . . ... ... ...... 181
12.2:  Uniting Two General Patterns in the Distribution of Species . . . . 184
ExerciseforChapter 12 . . . . . . .. ... ... ... ... ...... 191
Chapter 13 Introduction to Advection . . . . .. .. ......... 192
Section'13.1 What Comes InMustGoOut . . . .. ............. 192
‘Section 13.2 The Formofg . . .. . . . ... . ... ... ... ... 194
Section 13.3 The Advection Equation . . . . . ... ............. 194
Section 13.4 Imitial Conditions . . . . . .. ... ... . ... ....... 195
Section 13.5 TravelingWaves . . . . . . . . ... ... ... .. 196
Section13.6 Lessons . . . . . . . . . . . . .. .. e 197
ReadingsforChapter 13 . . . . . ... ... . ... . ... .. ... 197

13.1: Malaria: Focus on Mosquito Genes . . . . . . ... ... ..... 197



Contents ix

13.2:  Research Community Swats Grasshopper Control Trial . . . . . . 202
13.3: Hosts and Parasitoids in Space;
Insect Parasitoid Species Respond to Forest Structure at Different

Spatial Scales” . . . . .. .. ... L oL, 204
13.4:  Scope of the AIDS Epidemic in the United States . . . . .. .. .. 213
ExercisesforChapter 13 . . . . . . . ... . ... ... . ... ... ... 213
Chapter 14 Diffusion Equations . . . . . . . ... ... ...... .. 216
Section 14.1 The Diffusion Equation . . . ... ... ... ......... 217
Section 14.2 The Derivation of the Diffusion Equation . . . . . ... .. .. 217
Section 14.3 A Fundamental Solution . . . . . .. ... ........... 218
Section 144 LeSSONS . . . . v v v v ittt e e e e e 219
ReadingsforChapter 14 . . . . . . .. . ... ... . ... . 0., 219
14.1:  Counting Polymers Moving Through a Single Ion Channel . . . .. 219
Exercises for Chapter 14 . . . . . . . . . . . . . . . .. e e 224
Chapter 15 Two Key Properties of the Advection and Diffusion
Equations . . . . . ... ................... 226
Section 15.1 These Equations Are Predictive . . . ... ... ........ 226
Section 15.2 Examples . . . . . . . . .. ..o 227
Section 153 Superposition . . . ... ... .. L .o 227
Section 154 Lessons . . . . . . . . .o i i 229
Readingsfor Chapter 15 . . . . . .. ... ... . ... .. ... . .... 229
15.1:  Diffusional Mobility of Golgi Proteins in Membranes of Living Cells 229
15.2:  Past Temperatures Directly from the Greenland Ice Sheet . . . . . 237
Exercises forChapter 15 . . . . . . ... ... ....... e e 245
Chapter 16 The No-Trawling Zone . . . . . . . . . I 246
Section16.1 TheModel . . . . . ... ... ... ... . ... ... ... 247
Section 16.2 Separatingz and x Variables . . . . ... ............ 248
Section16.3 Solving (9) . . . . . . . .. e e 249
Section 16.4 Constraining the Parameters . . . . . . .. ... ... ... .. 251
Section 16.5 Constraining R . . . . . ... ... e e e e e 252
Section 16.6 Lessons . . . . . . I T T I 253
Section 16.7 The Solutionsto £5B=cB .. ................ 253
ReadingsforChapter 16 . . . ... ... ... .. ... ... .. ..... 254
16.1:  Fishing for Answers: Deep Trawls Leave Destruction in Their
Wake—But for How Long? . . . . ... ... ........... 254
ExercisesforChapter 16 . . . . . ... ... ... ... ... ......, 258
Chapter 17 Separation of Variables . . . ... ............ 259
Section 17.1 The Diffusion Equation . . . . .. ... ............ 260
Section 17.2 Equilibrium Solutions . . . . . . .. ... ... ... ... .. 260
Section 17.3 Separation of Variables Revisited . . . . . ... .. ... ... 261

Section 174 Working Qutthe Answer . . . . . . .. .. ... ... .... 261




b4 Contents

Section 17.5 What Should You Expect? . . . . . . ... ... .. .. 262
Section 17.6 Lessons . . . . . . . o b v v v v v v e S 263
Exercisesfor Chapter 17 . . . . . . . . .. v vt ii i 264
Chapter 18 The Diffusion Equation and Pattern Formation . . . 266
Section 18.1 TheModel . . . . . .. ... . ... i 267
Section 182 TheEguation . . . . . . . .. . .. o oot 207
Section 18.3 The Boundary Conditions . . . . . . . .. o v v v e v v v v 268
Section 18.4 The Equilibrium Solutions . . . . . . ... .. ... ... ... 269
Section 18.5 Stability . . .. . ... ... 269
Section 18,6 Linear Stability . . ....................... 270
Section 18,7 Some Heuristic Justifications . . . . . .. ... ... ... .. 271
Section 18,8 Lessons . . . . . . . . . . . .t 273
ReadingsforChapter 18 . . . . . .. . ... . ... .. 274
18.1: Generic Modelling of Cooperative Growth Patterns in
: Bacterial Colonies . . . . . .. . ... 274

18.2: Dynamics of Stripe Formation;
‘ A Reaction-Diffusion Wave on the Skin of the Marine

Apgelfish Pomacanthus;
Lettersto Nature . . . . .. ... .. e e e 279
18.3: Complex Patterns in a Simple System . . . . . . ... . ... ... 288

18.4: Direct and Continuous Assessment by Cells of Their Position in a
Morphogen Gradient;

Activin Signalling and Response to a Morphogen Gradient . . . . 295
Exercises forChapter 18 . . . . . . . . .. . . 309
Chapter 19 Stability Criterion . . . . .. ... ... ......... 311
Section 19.1 A Stability Definition . . .. . ... ... ... . ... ..., 312
Section (9.2 Justification for This Definition . . . .. ... ... ... ... 312
Section 193 AnExample . . ... ... ... ... .. ... . L. 313
Section 19.4 Boundary Conditions . . . . . . ... ... .. ... .. ... 315
Section 19.5 LesSONS . . . . . - . ot o v e e e e e e 315
Exercises for Chapter 19 . . ... . . . . . . . ... 316
Chapter 20 Summary of Advection/Diffusion . ... ... ... .. 318
Section 20.1 When to Use Advection and When to Use Diffusion . . . . . . 318
Section 20.2 Solutions and Boundary Conditions . . . . ... .. ...... 319
Section 20.3 Equilibrium Solutions . . . . . .. .. ... ... 319
Section20.4 Stability . .. ................ ... .. 319
Section 20.5 Example for Advection . . . . ... ... ... ... ... 320
Section 20.6 Example for Diffusion . . . . ... ....... . ..., .. 320
Section 20.7 The Maximum Principle . . . . . . ... .. .. ... ... .. 321
Section20.8 LESSONS . . . .+ . v v v v i it e e e 322
Readings for Chapter 20 . . . . . ... ... ... ... ... 323

20.1: Helping Neurons Find TheirWay . . . . .. ... ... ... ... 323



Contents

20.2: New Protein Appears to be Long-Sought Neural Inducer;
Neural Induction by the Secreted Polypeptide Noggin . . . . . ..
20.3:  Mobility of Photosynthetic Complexes in Thylakoid Membranes . .
ExercisesforChapter 20 . . . . . . . . . .. . .. . . oo

Chapter 21 TravelingWaves . . . ... ... ..............
Section 21.1 The Traveling Wave Assumption . . ... ... ........
Section 21.2 The First-OrderForm . . ... ... ... ...........
Section 21.3 Our Solution in the PhasePlane . . . . . . ... ........
Section 21.4 Trajectories thatLeave (§) . ... ...............
Section 21.5 The Triangle as a Basin of Attraction . . . . . ... ... ...
Section 21.6 TrajectoriesthatLeave (§) . ... .. .............
Section21.7 Lessons . . . . . . . . .. . ... e
Readings for Chapter 21 . . . . . . ... . ... i,

21.1:  Hantavirus Qutbreak Yields to PCR;
US braces for Hantavirus Qutbreak . . . . . ... ... ... ...
Exercises for Chapter 21 .. . . . . . ... ... . . . . . ... ...

Chapter 22 Traveling Wave Velocities . . . . .. . ... .......
Section22.1 TheResolution . . . . . . . . ... ...
Section 22.2 The Mouse/Virus Infestation. . . . . .. ... ... ......
Section22.3 Lessons . . . . . . . . . .. e e
ReadingsforChapter 22 . . . . . . . . ... ... . i

22.1: Travelling Waves in Vole Population Dynamics . . . . . . ... ..
22.2:  Control of Spiral-Wave Dynamics in Active Media by Periodic

Modulation of Excitability . . . . . ... ... ...........

Exercisesfor Chapter 22 . . . . . . . . . . . . .. e

Chapter 23 PeriodicSolutions . . . . . .. ...............
Section23.1 TheModel . . . . .. ... ... .. ... ...
Section23.2 The PhasePlane . . . . .. ... ... ... ..........
Section23.3 Stability . . . . . .. ... e
Section 23.4 A Repelling Equilibrivm Point . . . ... ...........
Section 23.5 Basinof Attraction . . . . . ... ... ... L 0000
Section 23.6 Poincaré-Bendixson Theorem . . . . ... ... ... ... ..
Section 23.7 Periodic Solutions to Equation (1) . . . . ... ... ... ...
Section 23.8 Stability . . . . . .. ... e
Section23.9 Lessons . . . . . . . . ... e e e e
ReadingsforChapter23 . . . ... ... .. . . o L.

23.1: Wolves, Moose and Tree RingsonIsleRovale . . . . .. ... ...
23.2: Snowshoe Hare Populations Squeezed from Below and Above;

Impact of Food and Predation on the Snowshoe Hare Cycle . . . .

ExercisesforChapter23 . . . . . . . . oo oo i i i i e



xii Contents

Chapter 24 FastandSlow. ... ... .................. 393
Section24.1 The System . . . . . . . . . o v i e 394
Section 24.2 Slow and FastSubsystems . . . . .. ... ... ... ..., 394
Section24.3 AHeuristicPicture . . . . . . .. . ... .00 394
Section 24.4 The ExistenceofaCycle . . ... ... ... ......... 397
Section24.5 Fastand Slow . . . . . . . . .. . 0 i 399
Section24.6 Summary . . . . . . . . ... o e e 400
Section24.7 Lessons . . . . . . . o o o i e e e e 400
Readings for Chapter24 . . . .. ... .. ... ... 401

24.1: Disparate Rates of Molecular Evolution in Cospeciating Hosts and
Parasites . . . . . . . . . e e e e e e 401
ExercisesforChapter24 . . . . . . ... ... . i 410

Chapter 25 Estimating Elapsed Time . . . ... ... ........ 412
Section 25.1 EstimatingTime . . . . . . . ... .. ... ... ... ... 412
Section 25.2 An Estimation Technique for Functions . . . . .. ... .. .. 413
Section 25.3 LessOnS . - « v v v v v v v e e e e e e e e . 414
Exercises for Chapter25 . . . . ... . ... . .. i o 414

Chapter 26 Switches . . . . ... .. ...... e e 416
Section26.1 Lessons. . . . . . . . . it e e 420
ReadingsforChapter26 . . .. . ... .. .. ... 420

26.1: Thresholds in Development . . . . . . . . . ... . ... 420
ExercisesforChapter26 . . . . ... ............... .. ... 428
‘Chapter 27 Testing for Periodicity . . ... .............. 430
‘Section 27.1 Testing foraTermwithPeriodp . . . . . ... ... ... .. 431
Section 27.2 The Power Spectrum Function . . . . . .. ... ... ..... 431
Section27.3 AnExample . . . ... ... ... .. o oo, 432
Section 27.4 TrigonometricIntegrals . . ... ... ............. 433
Section27.5 LessONS . . . . . . .« c i v i e e e 434
Readings for Chapter 27 . . . . . . . . .. . ... e 434
27.1: A Pervasive Millennial-Scale Cycle in North Atlantic Holocene and
' Glacial Climates . . . . . . .. v ittt 434
Exercises for Chapter27 . . . . . .. .. .. .+ .. oo 450

Chapter 28 CausesofChaos .. ... .................. 451
Section 28.1 AConcreteExample . . . . . ... ... ... . ... 452
Section 28.2 Equilibrium Points When v Has Two Components . . . . . . . 452
Section 28.3 Equilibrium Points When v Has Three Components . . . . . . 454
Section 28.4 ThrowingtheDice . . . . . . . .. ... v v 455
Section 28.5 Unpredictability for Two-Component Systems . . . . . . . . . 456

CSection 28.6 LessOnsS . . . . . . . . i e e e e e e e e e e e e e 457



Contents xiii

ReadingsforChapter 28 . . . . . . ... .. .. ... ... ... ...... 458
28.1: Chaos, Persistence, and Evolution of Strain Structure in

Antigenically Diverse Infectious Agents . . . . . . ... ... ... 458

28.2: Comrolling ChaosintheBrain . . . . . ... ... ... ..... 464

28.3: Predicting and Producing Chaos;
Experimentally Induced Transitions in the Dynamic Behaviour of

Insect Populations . . . . . ... .. ... ... ... ... 472

Extra Exercisesand Solutions . . . . .. .. ............... 481
Extra Exercises for Chapters 1-12 . . . . . ... . ... ... ... .. .. 481
Answers to Chapter 1-12 ExtraExercises . . . . . ... ... ........ 484
Extra Exercises for Chapters 13-22 . . . . . .. ... .. ... .. ..., 489
Answers to Chapter 13-22 ExtraExercises . . . . . ... .......... 491
Extra Exercises for Chapters 23-28 . . .. ... ... ... ... ...... 493
Answers to Chapter 23-28 ExtraExercises . . . . ... ... ... .. ... 495



