Selwyn tlollis

Differential Equations

with
BOUNDARY VALUE PROBLEMS



CONTENTS

Preface ix

INTRODUCTION 1

11 Prologue: What Are Differential Equations? 1
1.2 Four Introductory Models 4
1.3 Fundamental Concepts and Terminology 14

LINEAR FIRST-ORDER EQUATIONS 25

2.1 Methods of Solution 25

22 Some Elementary Applications 32
2.2.1 Projectile Motion with Resistance 33
222 Mixing Problems 37
223 Circuits 41

23 Generalized Solutions 44

NONLINEAR FIRST-ORDER EQUATIONS| 51

31  Direction Fields and Numerical Approximation 51
32 Separable Equations 59
33 Bernoulli and Riccati Equations 64
34 Reduction of Order 68
3.5 Nonlinear First-order Equations in Applications 73
3.5.1 Motion with Nonlinear Resistance 73
3.5.2 Torricelli’s Law 78
3.5.3 Nonlinear Circuits 84

NONLINEAR FIRST-O RDER EQUATIONS Il 87

4.1 Construction of Local Solutions 87

42 Existence and Uniqueness 93

43 Qualitative and Asymptotic Behavior 99
4.4 The Logistic Population Model 105

4.5 Numerical Methods 115

4.6 A First Look at Systems 25



Vi CONTENTS

m\;

=

SEcOND-ORDER LINEAR EQuUATIONS| 133

5.1
52
53
5.4
5.5
5.6
3.7

Introduction: Modeling Vibrations 133

State Variables and Numerical Approximation 139
Operators and Linearity 147

Solutions and Linear Independence 152

Variation of Constants and Green’s Functions 162
Power-Series Solutions - 166 ‘

Polynomial Solutions 179

SECOND-ORDERLINEAR EQUATIONS I 185

6.1
6.2
6.3
6.4
6.5
6.6

Homogeneous Equations with Constant Coefficients 185
Exponential Shift 191

Complex Roots 196

Real Solutions from Complex Solutions 202

Unforced Vibrations 206

Periodic Force and Response 211

THE LAPLACE TRANSFORM 220

7.1
1.2
7.3
7.4

7.5

7.6

Definition and Basic Properties 220

More Transforms and Further Properties 227
Heaviside Functions and Piecewise-Defined Inputs 234
Periodic Inputs 241

Impulses and the Dirac Distribution 247

Convolution 252

FIRST-ORDER LINEARSYSTEMS 259

8.1
8.2
8.3
8.4
8.5

86.

8.7

Introduction 259

Two Ad Hoc Methods 265

Vector-Valued Functions and Linear Independence 269
Evolution Matrices and Variation of Constants 276
Autonomous Systems: Eigenvalues and Eigenvectors 283
eA' and the Cayley-Hamilton Theorem 293

Asymptotic Stability 301

GEOMETRYOF AUTONOMOUS SYSTEMSINTHE PLANE 309

9.1
9.2
9.3
9.4
9.5

The Phase Plane 309

Phase Portraits of Homogeneous Linear Systems 320
Phase Portraits of Nonlinear Systems 334

Limit Cycles 344

Beyond the Plane 355



CoNTENTS  Vii
() NONLINEARSYSTEMSIN APPLICATIONS 366
10.1 Lotka-Volterra Systems in Ecology 366
10.2 Infectious Disease and Epidemics 380
103 Other Biclogical Models 385
10.4  Chemical Systems 392
10.5 Mechanics 399
11] DIFFUSION PROBLEMS ANDFOURIER SERIES 408
l
11.1 The Basic Diffusion Problem' 408
11.2 Solutions by Separation of Variables 417
11.3  Fourler Series 427
114 Fourier Sine and Cosine Series 437
11.5 Sturm-Liouville Eigenvalue Problems 445
11.6 Singular Sturm-Liouville Problems 458
11.7 Eigenfunction Expansions 462
12 FURTHER TOPICSINPDEsS 472
12.1 The Wave Equation 472
12.2 The 2-D Laplace Equation 484
12.3  The 2-D Diffusion Equation 497

APPENDICES 512

I

I
I
v

Linear Algebra 512

LA. Linear Algebraic Equations 512

LB. Matrices 523

I.C. Eigenvalues and Eigenvectors 543

Continuity and Differentiability on Intervals 557
Local Existence and Uniqueness Proofs 562

Linear Differential Equations of Arbitrary Order 577
Bibliography 591

Hints and Answers 593

Index 631



