Cambr?dge stﬁdigs in advanced mathematics 8
Multidimensional
Real Analysis |

Differentiation




Contents

Volume 1

Preface
Acknowledgmenis
Introduction

1 Continuity

1.1
1.2
1.3
1.4
1.5
1.6
1.7
1.8
1.5

Inner product and norm . . . . . ..., .., ..
Openandclosedsets . ... .. ..., ....
Limits and continuous mappings . . . . . . ..
Composition of mappings . . . ..., .. ....
Homeomorphisms . . . . . ... ... .. ...
Completeness . . . . . ... ... .......
Confractions . . . . . . ... ..........
Compactness and uniform continuity . . . . . .
Connectedness . . . . .. ..........,

2 Differentiation

2.1
22
23
24
2.5
2.6
2.7
2.8
29

Linear mappings . . . . ... ... ......
Differentiable mappings . . .. ... .. ...
Directional and partial derivatives . . . .. ..
Chainrule . . .. ... ... ... ... ....

Higher-order derivatives . . . . ... ... ..
Taylor’sformula. . . .. ... ... ......
Critical points . . . . . ., .. ... .....
2.10 Commuting limit operations

3 Inverse Function and Implicit Function Theorems

3.1
32
33
34
35
3.6

Diffeomorphisms . . . . ... ... ......
Inverse Function Theorems . . . . .. . .. ..
Applications of Inverse Function Theorems . .
Implicitly defined mappings . . . . . . ...
Implicit Function Theorem . . . .., ... ...

Applications of the Implicit Function Theorem

Vil

......... 11
......... 17
......... 19

......... 20

......... 23
......... 24
......... 33

3
......... 37
......... 42
......... 47
......... 51
......... 36
......... 38
......... 61
......... 66
......... 70
......... 76



AR L At d o

3.7 Implicit and Tnverse Function Theoremson C . . . . . . . . .. 105
4 Manifolds 107
4.1 Introductory remarks . . . ... ... .. .. e e 107
42 Manifolds . . . .. L oL 109
43 ImmersionTheorem. . . . . .. .. ... ... ......... 114
4.4 Examplesof immersions . . . ... ... .. ... ... ..., 118
4.5 Submersion Theorem . . . . .. ... .. ... .. ....... 120
4.6 Examples of submersions . . . . .. . ... ..o, L. 124
4.7 Equivalent definitions of manifold . . .. ... ... ... ... 126
48 Morse’'sLemma . . . .. .. ... ... .. L, 128
5 Tangent Spaces 133
5.1 Definition of tangentspace . . . . . . ... ... . ... .... 133
52 Tangentimapping . . . . . .. ... e 137
33 Examplesoftangentspaces . . . . . ... ... L. 137
5.4 Methed of Lagrange multipliers . . . .. .. ... ... .. .. 149
5.5 Applications of the method of multipliers . . ... ... .. .. 151
5.6 Closer investigation of critical points . . . . . . . ... .. ... 154
5.7 Gaussian corvature of surface . . . . . . . ... L. 156
5.8 Curvature and torsion of curve in R* . . . . . . .. .. ... . 159
5.9 One-parameter groups and infinitesimal generators . . . . . . . 162
5.10 Linear Lie groups and their Lie algebras . . . . ... ... ... 166
S0 Transversality . . . . . . . ... .. e 172
Exercises 175
Review Exercises . . . . . . . . . . . . . .. e 175
Exercises forChapter 1 . . . . . . . .. ... ... . ... ..... 20t
Exercises for Chapter2 . . . . . . .. ... .. .. ... ... ... 217
ExercisesforChapter 3 . . . . . ... .. ... ... .. ... ... 259
Exercises for Chapterd . . . . ... ... ... . ... .. ... 293
Exercises for Chapter3 . . . . . .. . .. ... .. ... .. ..... 317
Notation . . . . oo oo e 411
Index . .. . . . ... 412
Volume 11
Preface . . . . . . e xi
Acknowledgments . . . . . .. L oL o X111
Introduction . . . . ... .. xv
6 Integration 423
6.1 Rectangles. . .. .. .. ... .. ... .. ... . ... ... 423
6.2 Riemannintegrability . . . . . .. ... ... ... ..., ... 425

6.3 Jordan measurability . .. ... ... .. L. 429



Contents ix

6.4 Successiveintegration. . . . . . . .. . ..o 435
6.5 Examples of successive integration . . . . . . . ... ... ... 439
6.6 Change of Variables Theorem: formulation and examples . . . . 444
6.7 Pattitonsofunity . . .. ... ... L L 452
6.8 Approximation of Riemann integrable functions . . . . ... .. 455
6.9 Proof of Change of Variables Theorem . . . . . ... ... ... 457
6.10 Absolute Riemann integrability . . . . . ... ... ... .... 461
6.11 Application of integration: Fourier transformation . . . . . . .. 466
6.12 Dominated convergence . . . . . . .. . . ... e .. 471
6.13 Appendix: two other proofs of Change of Variables Theorem . . 477
7 [Integration over Submanifolds 487
7.1 Densities and integration with respect to density . . . . . . ., . 487
7.2 Absolute Riemann integrability with respect to density . . . . . 492
7.3 Euclidean d-dimensional density . . . . . ... ... ... ... 495
7.4 Examples of Euclidean densities . . . .. ... ... ... ... 498
7.5 Open sets at one side of theirboundary . . . . . . ... ... .. 511
7.6 Integration of a total derivative . . . . . .. ... ... ... .. 518
7.7  Generalizations of the preceding theorem . . . .. .. ... .. 522
7.8 Gauss’ Divergence Theorem . . . . ... ... ... ...... 527
7.9 Applications of Gauss’ Divergence Theorem . . . . . . .. . .. 530
8 Oriented Integration 537
8.1 Line integrals and properties of vector fields . . . . . ... ... 537
8.2 Antidifferentiation . . . .. .. ..., L. L. 546
8.3 Green’s and Cauchy’s Integral Theorems . . ., . .. ... ... 551
8.4 Stokes’ Integral Theorern . . . . . . . ... ... ... . ..., 557
8.5 Applications of Stokes’ Integral Theorem . . . . . .. ... .. 561
8.6 Apotheosis: differential forms and Stokes” Theorem . . . . . . . 567
8.7 Properties of differential forms . . . .. ... .. ... ... .. 576
8.8 Applications of differential forms . . . . . . .. .. ... ..., 381
8.9 Homotopy Lemma . .. .. ... ................ 585
8.10 Poincaré’sLemma . . ... ... ... ............. 589
811 Degreeof mapping . . . . .. .. ... ... 591
Exercises 599
Exercises for Chapter 6 . . . . .. . .. .. ... ... ........ 599
Exercises for Chapter 7 . . . . . . . .. ... ... ... ... .. .. 677
Exercises for Chapter 8 . . . . . . . . . ... . ... .. 729
Notation . .. ... ... ... . ... .. ... 779

Index . . .. . . 783



