INTRODUCTORY

RICHARD A. BRUALDI



Contents

Preface

Chapter 1. What Is Combinatorics?

1.1
1.2
1.3
1.4
1.5
1.6
1.7
1.8

Example. Perfect covers of chesshoards
Example. Cutting a cube

Example. Magic squares

Example. The 4-color problem
Example. The problem of the 36 officers
Example. Shortest-route problem
Example. The game of Nim

Exercises

Chapter 2. The Pigeonhole Principle

21
2.2
2.3
24

Pigeonhole principle: Simple form
Pigeonhole principle: Strong form
A theorem of Ramsey

Exercises

Chapter 3. Permutations and Combinations

3.1
3.2
3.3
3.4
3.5
3.6

Four basic counting principles
Permutations of sets
Combinations of sets
Permutations of multisets
Combinations of multisets
Exercises

Chapter 4. Generating Permutations and

4.1
4.2
4.3
4.4
4.5
4.6

Combinations

Generating permutations

Inversions in permutations

(Generating combinations

Generating r-combinations

Partial orders and equivalence relations
Exercises

i

17}

=R /I

12
13
15
17
20

26

26
31
35
39

44

44
53
60 -
64
71
75

83

83
89
94
106
110
117



iv

Chapter 5. The Binomial Coefficients

5.1
0.2
3.3
5.4
5.5
5.6
5.7
5.8

Chapter 6.

6.1
6.2
6.3
6.4
6.5
6.6
6.7

Pascal’s formuia

The binomial theorem

Identities

Unimodality of hinomial coefficients
The multinomial theorem

Newton’s binomial theorem

More on partially ordered sets
Exercises

and Applications

The inclusion—exclusion principle
Combinations with repetition
Derangements

Permutations with forbidden positions
Another forbidden position problem
Mobius inversion

Exercises

Chapter 7. Recurrence Relations and

7.1
7.2
7.3
7.4
7.5
7.6
7.7
7.8

Generating Functions

Some number sequences

Linear homogeneous recurrence relations
Nonhomogeneous recurrence relations
Generating functions

Recurrences and generating functions

A geometry example

Exponential generating functions
Exercises

Chapter 8. Special Counting Sequences

8.1
8.2
8.3
8.4
8.5
8.6

Catalan numbers

Difference sequences and Stirling numbers
Partition numbers

A geometric problem

Lattice paths and Schrider numbers
Exercises

The Inclusion—Exclusion Principle

Contents

124

124
129
131
138
144
147
150
153

160

160
168
173
178
182
185
200

206

207
218
228
235
241
249
253
259

267

267
276
295
299
303
317



Contents v

Chapter 9. Matchings in Bipartite Graphs 322
9.1 General problem formulation 323
9.2 Matchings 330
9.3 Systems of distinct representatives 346
9.4 Stable marriages 350
9.5 Exercises 358

Chapter 10. Combinatorial Designs 363
10.1 Modular arithmetic 363
10.2 Block designs 376
10.3 Steiner triple systems 386
10.4 Latin squares 393
10.5 Exercises 415

Chapter 11. Introduction to Graph Theory 422
11.1 DBasic properties 423
11.2  Eulerian trails 434
11.3 Hamilton chains and cycles : 443
11.4 Bipartite multigraphs 449
11.5 Trees 456
11.6 The Shannon switching game 462
11.7 More on trees 469
11.8 Exercises 482

Chapter 12. Digraphs and Networks 494
12.1 Digraphs 494
12,2 Networks 506

12.3 Exercises 514



vi Contents

Chapter 13. More on Graph Theory 519
13.1 Chromatic number 520
13.2 Plane and planar graphs 532
13.3 A 5-color theorem 536
13.4 Independence number and clique number 540
13.5 Connectivity 549
13.6 Exercises 5b6

Chapter 14. Pélya Counting 562
14.1 Permutation and symmetry groups 563
14.2 Burnside’s theorem 574
14.3 Pdlya’s counting formula 581
14.4 Exercises 601

Answers and Hints to Exercises 606

Bibliography 621

Index 623



