G.R. Liu

METHODS

Moving beyond the Finite
Element Method

&) crc PRESS



Contents

1 INtroduction ...t s 1
1.1 Defining Mesh Free Methods ..o 1
1.2 Need for MFree Methods ...ttt veneas 3
1.3 The Idea of MFree Methods ... 4
1.4  Outline of the BOOK .. s sssens 4

2  Mesh Free Methods for Engineering Problems...........cccocnnninnnn, 9
21  Physical Phenomena in ENgineering..........ccoumrsrernnrinssmsrnmsissscsnnessiin 9
2.2 SolUHON PLOCEAULE ...ttt snen st st ssssstat s s banasssanes 9
2.3 Modehing the GEOMELTY ...ttt bttt casesesnss 10
24 Node GENEration ... s s ssreses 13
2.5  Shape Function Creation ... e ssseses 15
2.6  Property of Material or Media ......ccocovreemeriniiiiniiinininisisisinsisssssense 15
2.7  Boundary, Initial, and Loading Conditions ...........cceveveecninninnineecncniniennns 15
28 SHNUIALON ..ot s e s 16

2.8.1 Discrete System EQUations .......coceeeeeeciiiinniniininisssnsssssnnes 16
282  EqQUAtOn SOIVETS......cooieiiiiiiciisistsit st 17
2.9 ViSUAHZALON oot s e 18
210 MFree Method Procedure ... 18
2101 BAasiC SEPS ..ovrurererirnsin ittt bbb 19
2.10.2 Determination of the Dimension of a Support Domain.................-... 22
2.10.3 Determination of the Average Nodal Spacing .........cccoeovneniseraranininns 22
2.104 Concept of the Influence DOmAin ... 23
2.10.5 Property of MFree Shape FUNCHONS ... 24
211 REMATKS. ..ot s rer et p s sn et st sttt 25

3  Mechanics of Solids and Structures ... 27
31 BaBICS. vvrrerrercetiii s e e R Rt 27
32  Equations for Three-Dimensional Solids ... 28

321 Stress and SHaIN......vi s 28
322  Constitutive EQUAtiONS .....c.ccevreeriiiicisisiininisisi st 32
323 Dynamic Equilibrium EQUAtions .....occvvervrrremrimicinniisiscnnisisincnnenns 33
3.3  Equations for Two-Dimensional SOlids ..o 34
3.3.1  Stress and SIain ... e s 34
332 Constitutive EQUAtIONS ......ceviiiieiercrnnninsnsenne st 36
333 Dynamic Equilibrium EGUations ... 37
34  Equations for Truss Members.......uimiceseeeersesencones 37
34.1  Stress and SHAIN .o bt s sases 38
342  Constitutive EQUationNS .......civuvuieeeciinniciniinninnnnessss s 38
34.3 Dynamic Equilibrium EqUations ... 38
35  Equations fOr BEAmS ...ttt s 38
3.5.1  Stress and StraiN.... i 39
3.5.2 Constitutive EQUAtIONS ... isrssssssssssssss s sssssssnss 40

3.5.3  Moments and SHear FOICES ..uiriinioiimresrnmmssmeesmeesssesesssssssssssss 40



3.54  Dynamic Equilibrium Equations ..., 42

3.55 Equations for Thick Beams..........ciiiiiiinsnnnniniis 42
3.6  Equations for Plates .................. erreresaea e s e e b ARt 43
3.6.1  Thil Plates ... s snasssa s eerens 43
3.6.2  Mindlin Plates......ccoiiiiiiiccii s 48
3.6.3  Third-Order Theory of Plates..........ccccommnrniinincsininninnsc s, 50
3.7 RemMAIKS..ce o s e e 51
Principles for Weak FOImS ..........ccccooiiiiiiiiiiicinrreeeenee s rececmsssse i s 53
41  Strong Forms vs. Weak FOIms......iiii s 53
42  Hamilton’s Principle ..o ssesessssve s ssssessanens 54
43  Constrained Hamilton’s PrINCIPle ... 55
431 Method of Lagrange Multipliers ... 56
432  Penalty Method ..o 56
433 Determination of Penalty FAactor .......cccccocoiiiinninneeccmeeecrrececenenens 58
44  Galerkin Weak FOrm ...t s s 58
45  Constrained Galerkin Weak FOrM ... seissnnes 61
451  Galerkin Weak Form with Lagrange Multipliers ........c.cccevevervnsvnenn. 62
45.2  Galerkin Weak Form with Penalty Factors.........cicommanaanend 62
4.6  Minimum Total Potential Energy Principle ... 62
47  Weighted Residual Method ...t 63
48  Weighted Residual Method with Constraints ........ou.cevevemerirececerecereererereraens 64
49  PoInts t0 NOLE ... s 65
410 ReMATKS.....iciciiriinssertieinictssis s sns s s bssa s s R 65
MFree Shape Function Construction ..., 67
8.1 OVEIVIEW ..t b s s bbb 67
52  Smoothed Particle Hydrodynamics Approach..........ininssnnne. 70
521 Choice of Weight FUNCHOMN ..cccccoiiimcricrnrnne e rerraceseseressnseasssesasenses 72
5.22  CORSISIEICY e e 74
53  Reproducing Kernel Particle Method ..., 77
54  Moving Least Squares ApproXimation ...........ccceeerererererereneirrsessrersescsnsnenesens 79
541  MLS Procedure ...ttt 79
542  CONSISIENCY rvrrrrrricrciitinistis s sss s st ssbein 84
543 Continuous Moving Least Square Approximation ..........c.ovivsverenranns 86
55  Point Interpolation Method ... 87
551  Polynomial PIM......iiniininniisccsmissssnsiassssssssesssesns 87
552  CONSISIEICY vvvvevrerrniiniiiiniissssssssss s sssbs sttt s st e sases 90
553  Properties of PIM Shape FUNCHONS.......c.ccovvmimrrensmnimrerereviinmiesnnessnees 91

554  Difference between PIM Interpolation
and MLS Approximation ... s 94
555 Methods to Avoid Singular Moment MatriX.......cccouvererereiinieinnensenes 94
56  Radial PIM .. nsssa s sas s s s s 9
5.6.1 Rationale for Radial Basis Functions.........cccccouevrmveniicicniicininnicnnnnns 96
562 PIM Formation Using Radial Basis FUnctions ..........cecoeceeevnvmivninincnss 96
56.3 Nonsingular Moment MatriX ... 98
564  CONSISLEIICY ..oovcreeerrereveerrrrreesrreccsessesesemmsmrsssasesesessnssmtnsassesssssassesssssasesessnes 99
56,5 Radial Functions with Dimensionless Shape Parameters.................. 99
5.7  Radial PIM with Polynomial Reproduction...........c.c.ccecevvcvnieemmmmrosiniininies 101

571  Rationale for Polynomials..........ccveemvmivininsnninns s 101



5.7.2  Formulation Using Radial-Polynomial Basis ........ccceeeeeurieiccarreenennnns 10

573  Singularity Issue of the Transformed Moment Matrix.......ccccovun.... 104
Example 5.1 Sample RPIM Shape FUnctions ... 104
Example 5.2 Effects of Shape Parameters of RBFs '
on Shape FUNCHON ..o s 107
5.8  Polynomial PIM with Coordinate Transformation .......oereeineeerennne, 107
581 Coordinate Transformation ...t 108
5.8.2 Choice of Rotation Angle........comiriinicsinnirmmen s 109
59  Matrix Triangularization Algorithm...........ccorieiiinnininsn: 110
5.91  MTA Procedure.....u i 11
59.2 Normalization of the Support DOmain .........e.ceeemmeeeeerineiminsiisiasisceneans 112
5.93  MTA FIoWchart ...ttt ssss st esenas 113
5.94  Test EXAMIPLES ..ooovvrercrriciitcisiteici s sba st sassans 113
Example 5.3 Interpolation Using 6 Nodes in Parallel Lines .......cccocecuevunnne 113
Example 5.4 Interpolation Using 12 Nodes in Parallel Lines ...........oocoveuee 115
510 Comparison Study via Examples......ccoeerinennieniininnnsninnseenns 116
Example 5.5 Comparison of Shape Functions Obtained
Using Different Methods (1D Case).....c.rucreererceeeinieiienieisiiceiinsissssssssnens 116
Example 5.6 Comparison of Shape Functions Obtained Using
Different Methods (2D Case)......ccenieneciisnssssssssssesessssss s seseesessessssesssnis 118
Example 5.7 Curve Fitting Using MFree Shape Functions...........cccevvvvennns 118
Example 5.8 Effects of Shape Parameters on the Condition Number
of Moment Matrices and Curve Fithing........c.cocovvvereririrnrncnnmnnn s 125
Example 5.9 Surface Fitting Using MFree Shape Functions
(Effects of Parameters).......covierrerresisis i ssssesesesns 130
Example 5.10 Surface Fitting Using MFree Shape Functions
(Accuracy in Derivatives of the Fitted Surface).......ccocoveriieiincenncicinnnen. 137
Example 5.11 Surface Fitting Using MFree Shape Functions
(Effects of the Support Domain) .......c.ceeinniinnnrnnmn s 138
511 Compatibility of MFree Function Approximation...........cucemecisensnsininisees 138
512 On the Concept of Reproduction..........oeeeeeeeieieieiiieieiiiiisiinniinssisssssnssnces 143
513  Other Methods ...t snss s s 144
514 ReMATKS.cov ettt b sssssss s r s e s b s 144
Element Free Galerkin Method ..., 147
6.1  EFG Formulation with Lagrange Multipliers........cccccoovirnnnnrcnininiennennnnes 147
6.1.1  Formulation.... s 147
6.1.2  EFG Procedure...........ccooiimimnrnnninsinnsniss i inssssssssssmssssssssssssarsssssssases 156
6.1.3  Background Integration ........cccuceeeveeiencinninicinnnssnininssssssnare s 156
6.1.4 Numerical Examples........oovimmimmniii e 158
Example 6.1 Patch Test ......cieiiinisrisnninnssnssscnss s ssssesesssssssess 158
Example 6.2 Cantilever Beam (Numerical Integration) ..........osvevsseeneseneneas 161
6.1.5  Remarks ... s s 168
6.2  EFG with Penalty Method ... s 169
6.2.1  Formulation.........ninismm s 169
6.2.2  Penalty Method for Essential Boundary Conditions ..........ccceueee. 170
6.2.3  Penalty Method for Continuity Conditions..........ccovecimennninccinenac 171
624  Numerical EXamples......ccoorvemerrcrrnienissicisssississssessssssssnssssssenss 174

Example 6.3 Patch Test ...ttt 174



Example 6.5 Cantilever Beam of Bi-Material.......cccocceeniecnsnscninrccsnniccereenene, 178
Example 6.6 Sandwich Composite Beam ..........cccovmmnmnnnerneniinerviniensnens 179
6.20  RemMArKS ..ot eeses e s 181
6.3  Constrained Moving Least Square Method for EFG........cccoiiiiiiicninnnene. 181
6.3.1  Formulation.........iiiiiinicssce s esessssssssasssesess 182
6.3.2 Constrained Surfaces Generated by CMLS...........cccccininiiiiniinnn. 185
Example 6.7 Linear Constraiftt........cccocuirermvcrnarernrererieceiiicssscscsssserssssasens 185
Example 6.8 Parabolic Constraint .........ccecveeerecessmmininncnccsesnesesscssesens 185
6.3.3 Weak Form and Discrete EQUations.........ocoeveieninccienicesnenasencnrenennnns 188
634  Examples for Mechanics Problems ........c.cccooovinrcscererscerenscesenncens 189
Example 6.9 Patch Test ......cccovrrieiniinicscisiiesisssecssssssssssse s sesenes 189
Example 6.10 Cantilever Beam.........cccovvviinmiinininiccnnnssissen e sseeens 150
Example 6.11 Hole in an Infinite Plate.......cccoumrerirvrriersererersmsseessssseeseens 191
635 Computational TIMe.........cccvicnmeniii et 195
8.3.6  ReMArKS ... e 197
64  EFG for Nonlinear Elastic Problems .........coccoovrmeeneereeneerernnernnnennseinsaseenenas 198
6.4.1  Basic Equations for Nonlinear Mechanics Problems ............cooevven. 198
6.42  Weak Form for Nonlinear Elastic Problems........coconninniniieneinee. 200
6.4.3  Discretization and Numerical Strategy .......cocoeveirenniiriccencneccnncerenecs 200
644  Numerical Procedure...........iiiiccnnrrenenesssssssesessssssseseses 201
645 Numerical EXample ..o .. 202
Example 6.12  50il FOUNAALON ....covovererererermrcieierarmemstrenesesisirsessasesesesessasesenes 202
646 ReMATKS ..ottt st ccssassssenset s sesasssssssesesasssssesanes 208
6.5 SUMIMATY ..ottt sttt sttt b e cmre e e sasnr s 210
Meshless Local Petrov—Galerkin Method........cccocooiiniiccincnnnrrre e 211
7.1 MLPG FOrmMulation ..........coiiemrinsinsiicmeneeeesesssssasssessssssssssssssssnsns 212
7.1.1  TheIdea of MLPG......ccooimmremceeneneessscasesecesenssmsessssss st sseseses 212
7.1.2  Formulation of MLPG ........cccoccuiimiiiiiiiiiniicceecnnrsnnenssssesssssssaneins 213
7.1.3  Types of DOmMains. ..o sscessisesessssesssistse st erens 217
7.14  Procedures for Essential Boundary Conditions.........ceooueevivvurennns 218
7.1.5  Numerical INnVestigation..........cooiiciecrcnrerercrresersseesernssissesnsiasenes 219
7016 EXAMPIES...niiiiiic sttt eae 220
Example 7.1  Patch Test ... cnisnsssssssssessesssssssnsass 220
Example 7.2 High-Order Patch Test ........cccoommrrvrererserererscsrannns e 221
Example 7.3 Cantilever BEam...........c.coecmemieicecesensmmseenemsrss s ssssssssens 223
Example 7.4 Infinite Plate with a Circular Hole........c.ccccovvueernmnnnieriricnnnnns 226
Example 7.5 Half-Plane Problem ...........ccooveccecreemmreieisesieseseecenens 226
72 MLPG for Dynamic Problems ..........covuereeeririueieiiesneneessenesrererssessssssssssssssssnens 229
7.21  Statement of the Problem ... 229
722 Free-Vibration ANalysis........ccooermmineecmsersmmsemnessessesesctasesecsssssssnes 230 -
723 Imposition of Essential Boundary Conditions
for Free VIBration ... sssesssin s esssssasseessssssanees 232
724 Numerical EXamples.........coimmmemnecenmsnentseecesesesssssssssssssses 233
Example 7.6 Cantilever Beam.........cociviiniccenrccemnrrerersessssesssssesasssesesennes 233
Example 7.7 Cantilever Beam with Variable Cross Section........c..cccvermeunn. 236
Example 7.8  Shear Wall ... sess s senens 236
725  Porced Vibration ANAlysis........cceiirinisecmesinessorssresesesesesssesessseens 237

Example 64 Timoshenko Beam............cccooerrimormvcsneecnmmnnsssiee: 174

726  Direct Analysis of Forced Vibration.........c.cevcnincinccnscncersenenn 239



7.2.7  Numerical EXamples..........ococirceoveremreeremmemennnssssssssssessessosionsesraserens 240

Example 7.9  Cantilever Beam ......ccccccversrvererenvrnnssee e 240
Example 7.9a Simple Harmonic Loading .....cco.cc.ccconeernecenrrrmemnneesesesncesenesennn 241
Example 7.9b  Transient LOAdINg ......c.cccoererireniecninerminsrninnessnieeereressnnnns 244

73 REMATKS. ottt essire sttt s s e ss st e st 246
8  Point Interpolation Methods ... ioioieiciinnciieneenner s sse s seseessese 249
81  Polynomial Point Interpolation Method..........cccoeeomiuemrereeeireenerrnninsiesssssnsenns 250
811 Domain Discretization ... rsaresnsens 250

8.1.2  Enclosure of NOdes .........ccunienmmmminninieenmeeseensesesssssssssesssiesenseros 251

8.1.3  Variational Form of Galerkin PIM .........cccccoosneiinincirnenecnrsninsininiosins 253

814  Comparison of PIM, EFG, and FEM.........ccceeurvreivesisssserssnosereesessene 255

8.1.5  Numerical EXamples.........ccccominiriicciincrrnmmnrnensrrssessssessessissssissnns 256
Example 8.1 Patch Test ... eiiiccrccecincciccnessecrena s ssssesssnssssssssssesens 256
Example 8.2 Cantilever BEam.......couc.ccucurermeneinecisirniesiessesensessrsssssssssssesens 258
Example 8.3 Hole in an Infinite Plate......c.cocomerisennenmnieninsienseeis e 263
Example 8.4 Bridge Pier ... ssssssssnsss s 264

8.1.6  RemMATKS ..ottt sttt 265

8.2  Application of PIM to Foundation Consolidation Problem.........ccccrureernneen. 266
82.1 Biot’s Consolidation Theory and Its Weak FOrm ......ccccoevvrveriviiennns 266

822  Discretization of Weak FOTIN........cccocviiiivicncicnicccneccecnen s, 268

823  Numerical EXamples..... . cisnceecscesesesetsesssssiseenen 270
Example 8.5 One-Dimensional Consolidation Problem...........ccccouiieeinns 270
Example 8.6 Two-Dimensional Consolidation Problem........coo.eevvcrvvcrnnnne. 274

83  Radial Point Interpolation Method.........c.cccuveurinrneimerrnennneseersesscensressssressens 276
831 Key Considerations..........cc.ivucmmmcnmisciissesssesescsesereresssresssssssesssens 276

832  Numerical EXamples...........coceviiriinennessenss s eserssnns 281
Example 8.7 Patch Test .......ccciiiomireceecmenemreessecsirecseessssssnssssssssssesessesanns 281
Example 8.8 Cantilever Beam .........ccoormmrmincenniciseeenesctneseessisssssiannie s 282
Example 8.9 Infinite Plate with a HOIE ....cocecevvrrniverievcrecsenecrisemnensnreesnnans 292
Example 8.10 Parallel TUNNeL........ccoocmimiinniriiicieiccnnsresesssessesasensssesssnns 297

8.3.3  ReMATKS ..ottt sttt an e s sasenans 299

8.4  Local Point Interpolation Method (LPIM).........cccovmvrvrrererererereeensenmecerrsrererresans 300
841  LPIM FOrmulation........cooriiimienicnsssssssenesennesnsinissesssssssissessnasssnnne 301

842  Weight FUNCHOM ...ooovviiiiiiiicce oo s eceresesasesnasesasasesenans 302

8.4.3  Numerical EXamples.........ccocoiiiviminivmmccciiseciniseciissssescesessssesssssesanens 303
Example 8.11 Standard Patch Test (LPIM + MTA) .cvoveveeeeveveeereee e 303
Example 8.12 Higher-Order Patch Test.......cooceeimirsemreccrererrerssnseisesesssssssesans 305
Example 8.13 Cantilever Beam..........cococmnmmeseesenesenssinciniieneesennsssssessessenens 306
Example 8.14 Infinite Plate with a Hole ......oe.oeoeerirerrcrcmnisienieine e, 31
Example 8.15 Stress Distribution in @ Dam..........ccoovcveveenrirnirssisienieniinnins 312

844  REMAIKS c.oorrerencrctniniis i e s sase s s s n st 313

85  Local Radial Point Interpolation Method........ccc.ccceevveirnverernernsnneessrsenesieis 314
851 Examples of Static Problems ..........cceincicccnnrrrnnnsnsenens 314
Example 8.16  Patch Test ....ccvvrivcerericcicnccriscetinesesssesesstns s sssssssnens 315
Example 8.17 High-Order Patch Test ..........ccoccceicicmenmmmesneeiinersisinsessenenns 315
Example 8.18 Cantilever Beamt ... .ccivorcriunreereeeneenenseessmsesemsss s ssssiessassens 316
Example 8.19 Infinite Plate with a Circular Hole.......ccoovvevrvererernerniacricenenns 322

Example 8.20 Half-Plane Problem ..........cccccvieconresonenenrcoemnrnennsirssssssssnens 323



8.5.2 Examples of Dynamic Problems.........ccminiiieccinincsnicncesenisenens 323

Example 821 Cantilever Beami........coccoeuviiccincermiiinisisisisecenssnmenscsessssessos 324
Example 8.22 Free Vibration Analysis of a Shear Wall .......ccccooervreeecnnee. 334
853 Remarks.....covnnrennne e bR s b 334
8.6  Application of LRPIM to Diffusion Equations............cccecvemvvnvrererecereriensinnn. 335
8.6.1 Terzaghi's Consolidation Theory..........ccoiviivcnnnnrniincncicseiinans 335
8.6.2 Discretized System Equation in the Time Domain ..........cccecereunnnne 337
8.6.3 Numerical Example ... 338
Example 8.23 Two-Dimensional Foundation ........c.coeovvvvreminninniniiniinnnnn. 338
B.7  CompariSon StUAY ...ttt s 339
87.1 Convergence COMPATISON.......coccocurmrmrinmeeseserenserersmssssinsessnssessissses 339
Example 824 Cantilever Beam (Convergence of LPIM-MTA,
MQ-LRPIM, and MLPG).........ccouiiminmiicrnnenssienensesssssessssssssssesesssssasesens 339
8.7.2  Efficiency COMPATiSON ....cccuuinimiviimienccrenneesenrersenssssssaersesseesenseeserseeses 341
Example 8.25 Cantilever Beam (Efficiency of LPIM-MTA,
MQ-LRPIM, and MLPG).......ccuminiitiimcccmrmrensinisiesssssmsescsssssesesssssesessens 341
BB SUIMNIMATY ... bbbt siaimcere e e ssasessassssessssasesenenes 341
Mesh Free Methods for Fluid Dynamics Problems .............cccccrinniinninnnnne 345
9.1 INOAUCHOM ...ttt et eassnssaense e e ess s s b 345
9.2  Smoothed Particle Hydrodynamics Method ... ecerencenn. 346
9.21  SPH BaSiCS ......cecveiieiiissiinsss ittt e enssesessssereosnsese s sses 347
9.22 SPH Formulations for Navier-Stokes Equation ........cocevveverviverennens 348
9.23 Major Numerical Implementation Issues.........cccccovvrevvnivnvnrcninnes 352
9.24  SPH Code SIUCKITE.....cciiieiiiisii it sccmms e esenesensenneene 359
925  APPlCAtiONS ...ttt e en e encene 359
Example 9.1 Poiseuille FIOW .......ccocuiuiiiiiiiciissisissiie e escosnsessssesssssesens 361
Example 9.2 Couette FIOW.........ocoiiiiiniiniiiiiisini s bisceecenceeceneasasens 361
Example 9.3 Shear-Driven Cavity Problem........cccoiiiiciccccconncccnanns 362
Example 9.4 Free Surface FIOWS.......cccoivmiiiciminniniiicisieeeccscanasnnaens 362
Example 9.5 Explosion in VACUUM ... eecreeconaens 365
Example 9.6 Simulation of Explosion Mitigated by Water...........c.ccc...... 366
926  ReMATKS .ottt st bt s 368
9.3  Local Petrov—Galerkin Method ........civiiiccinisnniicnsssissessesssseseseee 369
9.3.1  MLPG Formulation........cococvememereiressessmmsisssssissssssssssrsssssssrssssesns 369
9.3.2  Numerical Integration in MLPG ..., 370
9.3.3  Governing Equations and Their Discretized Form .........ccoevvuveuninane 376
9.34  Boundary Condition for VOrticity ........c.ccevuimnmieecccnnieenscseisisasenans 378
9.3.5 Numerical Results and Discussion ..., 379
Example 9.7 Natural Convection in a Square Cavity Problem................... 379
936 ReMATKS ...t e s 381
94 Local Radial Point Interpolation Method.......ccoomiiiicicincnminesesennne 382
941 LRPIM Formulation ... sssssssemssnsssssssssessesasssninss 383
942  Implementation Issue in LRPIM for CFD Problems............cccovvenn.. 383
943 Numerical Results and Discussion ... 384
Example 9.8 Natural Convection in a Square Cavity.........coocoerrsirernicrieenns 384
Example 9.9 Natural Convection in a Concentric Annulus .........occceveeeee 386

944  ReMATKS ..ottt 388



T0 Mesh Free Methods fOr Beams ..oooveviieoeeeeeeeeieeeeoesveeesesesssessssersssssseesssssesesns 391

11

10.1 PIM Shape Function for Thin Beams ... 392
10.1.1  Formulation.....ciiimcni s s sssssssesesesasssssess 392
10.1.2  EXAGMPLE oottt bttt enene s esesst e s e raens 394
Example 10.1 PIM Shape Functions for Thin Beams.............ooocciieecrcnneee 394
10.2  Elastostatic Analysis of Thin Beams.......cocecvrreiiiiiicnicnnininsnneees 396
10.21 Local Weighted Residual Weak FOrm........c.cccoovvvvirmriimeninininins 396
10.22 Discretized System Equations..........i . 398
10.2.3 Numerical Example for Static Problems............ccooeiiivicivvrnninnninicnce 399
Example 10.2 Simply-Simply Supported Beams under Various Loads .....399
Example 10.3 Beams under Uniformly Distributed Load
with Different Boundary Conditions..........ciicissnnenens 401
10.3  Buckling Analysis of Thin Beams (Eigenvalue Problem) ........c..cocoovvevivninnnne 403
10.3.1 Tocal Weak FOrm.......o b 403
10.3.2 Discretized System Equations.........conenncnneinccncssennes 403
10.3.3 Numerical EXample ........ccccoimnrrnsrnnnecnisss s 404
Example 10.4 Bulking Analysis of Thin Beams......cc.coovvveeeiciiiinien. 404
10.4  Free-Vibration Analysis of Thin Beams (Eigenvalue Problem) .................... 405
10.4.1 Local Weak FOIM.....uercriiiissssssns st sssessassnanis 405
1042 Discretized System EQUations.......c..cccoevrrrnrsennernrsirserssenesissrsnns s 405
104.3 Numerical ReSUltS.......oooeioiicomiirieesieieeteistent v st ssrsees 406
Example 10.5 Free-Vibration Analysis of Thin Beams .......c.ccovvrimnrerrnnce. 406
10.5 Forced Vibration Analysis of Thin Beams (Time-Dependent Problem).......408
10.5.1 Local Weak FOIm......oitsitnsisssi st ssassesse s 408
10.5.2 Discretized System Equations..........ccccoevrinncnnnncncresna 409
10.5.3 Numerical ReSUltS.....cccocviererieiemiiiniissssnsssssnssnninssssssassesisisses e 410
Example 10.6 Vibration of a Pinned-Pinned Thin Uniform Beam
Subject to Harmonic Loading...........ccuminnnieeiieisnans 410
Example 10.7 Vibration of a Pinned-Pinned Thin Uniform Beam
Subject to Transient Loading .......c.c.coerusvsrrrsrsrrmesrsrnmesnrnmrsnsenserssssssasssnenns 411
10.6  TIMOShenko BEams......iiiiiriininiississnn bbb esbe s sans 413
10.6.1 Local Weak FOIrm.....ccoomivviriivemrrereiic s nsemcne s esss st 414
10.6.2 Discretized System EQUations.........cccoverviietiiinnessenmrnniannmrnsmssmarisninnens 415
10.6.3 Numerical Example ... s 416
Example 10.8 Static Deflection of Timoshenko Beams...........ccoccomnverirerncns 416
10.7  ReMarkS.... ettt s anene 419
Mesh Free Methods for Plates..........cocooii 421
11.1  EFG Method for Thin Plates......c.cocvrriirsrirmmsmsmmmnsnemsessersrsssrs s cnsesscsseens 421
11.1.1 Approximation of Deflection ... 422
11.1.2  Variational FOIMS .....cevemeneeeini e 423
11.1.3  Discrete EQUatiONS.........cccocvvrvnirsrirerasisnssnnsssnssssssssssssssssssssssssses 425
11.14 Eigenvalue Problem ... 429
11.1.5 Numerical Examples........ccccouvoiiiiennininnsims s 431
Example 11.1 Static Deflection of Rectangular Thin Plates.........c..ccoovvenrvneene. 431
Example 11.2 Natural Frequency Analysis of Thin Square Plates.................. 433
Example 11.3 Natural Frequency Analysis of Elliptical Plates ....................... 435
Example 11.4 Natural Frequency Analysis of Polygonal Plates...............cco.v.. 435

Example 11.5 Natural Frequency Analysis of a Plate of Complex Shape.....437



11.2

11.3

11.4

EFG Method for Thin Composite Laminates .........coceeeeeeevereererniensinsranenssassens 439
11.2.1  Governing Equation for Buckling ............ccccovvoverininenrenssenesescenns 440
11.2.2  Discretized Equation for Buckling Analysis........cccciivcceecerenvererenes 442
11.2.3  Discretized Equation for Free-Vibration Analysis.........cceieininunns 444
11.2.4 Numerical Examples for Buckhing Analysis..........ccrevverneerrmmmasnennes 444
Example 11.6 Static Buckling of Rectangular Plates (Validation)............... 444
Example 11.7 Static Buckling of a Square Plate (Efficiency) .......ccoeunnueins 446
Example 11.8 Static Buckling of a Plate with Complicated

Shape (ApPPHCAtON} ......oviviiiiicictcine v e 447
Example 11.9 Static Buckling of a Laminated Plate (Application)............. 448

11.2.5 Numerical Examples for Free-Vibration Analysis..........cccovourerunnen.. 449
Example 11.10 Frequency Analysis of Free Vibration

of Orthotropic Square PIates .........oovciviriceccennnncict s sessnenens 449
Example 11.11 Natural Frequency Analysis of Composite

Laminated Plates ...t rressssssssssssarese s ssssssees 451
EFG Method for Thick Plates ... sesssssnens 457
11.3.1 Field Variables for Thick Plates .........c.ivcuoceecnceveeneecscniniscineniecenn, 458
11.3.2  Approximation of Field Variables............coccovuvvuriroreminiernenrersesniennns 459
11.3.3 Variational Forms of System EqUations ........ccccocvveenrermeineecsenennces 460
11.3.4 Discrete System EQUAtions .......ocoviiivceiveinineiniiesiiesinccecnrersnans 461
11.3.5 Discrete Form of Essential Boundary Conditions ........cc.coccvvnrreccens 462
11.3.6 Equations for Static Deformation Analysis.........ououeereensnsseeissessensnns 464
11.3.7 Numerical Examples of Static Deflection ANalyses ..........cevreereraens 465
Example 11.12 Comparison of Deflection of Thin and Thick Square

Plates with Different Types of Boundary Conditions.............cueeeereecennnes 465
Example 11.13 Convergence of Deflection of a Thin Square Plate ............ 466
Example 11.14 Convergence of Deflection of a Thick Square Plate........... 466
Example 11.15 Maximum Deflections of Thick Plates under

Several Kinds of Boundaries ............cuiimiiicieccccceernersersnsesisesssinssieeenes 467
Example 11.16 Elimination of Shear Locking ......c..c.ccoeeemeeeerrcesnrssresranans 467
11.3.8 Numerical Examples of Vibration Analyses........cccoeeovinrernicinionnianes 470
Example 11.17 Frequency Analysis of Thick Plates (FSDT) .......coocvurvvenne 471
Example 11.18 Frequency Analysis of Thick Plates (FSDT and TSDT).....471
11.3.9 Numerical Examples of Vibration Analyses...........ooiovereencuriesiccnenes 472
Example 11.19 Buckling Analysis of Thick Plates

(FSDT and TSDT) ....oveeuveriiiciimmniemssesssissassssssessesiescsresssessesssssesssssesssssasanses 472
Example 11.20 Buckling Loads of a Square Plate Based on FSDT

and TSDT with Different Loads and Boundaries.........ccccccouerrererrererererns 472
Example 11.21 Buckling Loads of a Square Plate with a Circular

Hole Based on FSDT and TSDT.........cc.cceeremimmninesenssnsessssessme s sessssssnsens 473
RPIM £Or Thick PIates........ouiciiiiimimierercreneesenssisiiecisesseesesssisssssssnsssssssssssssannse 475
11.4.1  Formulation......ociceecisiisssisssieec s sssesesssssssesesssssesesssssesasesssssesas 475
1142  Numerical Examples............cocoviiiiiivcnmmnineninencetiniesctnsensserersssssinsnns 475
Example 11.22 Deflection of a Thick Square Plate

{Effects of the EXP Shape Parameters) .......co..cocvvceeerererersemsenmersseineersssnsnns 476
Example 11.23 Deflection of a Thick Square Plate

(Effects of the MQ Shape Parameters)..........ouceumrereerssesssssesssssssssssssssins 478
Example 11.24 Deflection of a Thick Square Plate

(Effects of Polynomial TeTmis) .........uwmmermrecrerersissensessnsissiesnsssssssssessasses 481

Example 11.25 Deflection of a Thick Square Plate
(Convergence of Maximum Deflections).........ccereurrrereresssonsessesssiesssenes 483



Example 11.26 Deflection of a Thick Square Plate

(Effects of Irregularly Distributed NOdes} ......cccccccircmmmmnrnnernnenenernsresennens 484
Example 11.27 Deflection of a Thick Square Plate
(Effects of Shear Locking) .........ccccmiiiciniiisinnnnssessesssssssmsssssssssses s 484
115 MLPG fOr Thin Plates ... omieriicececiecinesencisesesssseiescsrssssssssissesssssssss 486
11.5.1  Governing EQUAtIONS ... essssessissiscrnsssssnenne 486
11.5.2 Local Weak Form of MLPG.......cccoimmmmmmeenmrnisscerscssssscsssssssnsaenss 487
1153 Discretized System EQUations ..........cccocvirsiiiiiiicinernrersrenreesesessenens 488
1154 Weight FUNCHON c.covrereterecerccnrs s sesesaesse e neeen 490
11.5.5 Numerical Integration ... 490
11.5.6 Numerical EXamples.........ooomiiiiiiniic s rcrsnscsevssresasesssssssessens 491
Example 11.28 Static Analysis of Thin Square Plates .......c..ecenirennennns 491
Example 11.29 Square Plate under Different Load
with Different SUPPOLt ........coiiiiiiiciirccanersseeserssesassssonasssessssas 494
Example 11.30 Static Analysis of Thin Rectangular Plates........cccovvevvvunns 497
Example 11.31 Static Deflection Analysis of a Circular Plate.......cccccceeences 497
Example 11.32 Free-Vibration Analysis of Thin Plates......ccccocoeeeircencnnanns 498
116 ReMAaTKS. oot bbb s bt e e e s sasasasas 499
12 Mesh Free Methods for Shells...........cccooiininnininiiicccsesnn s 501
121  EFG Method for Spatial Thin Shells.......cc.coiiiiiicii e, 502
12.1.1 Moving Least Squares Approximation..........c.eveveemveieniiniesesennnnes 502
121.2 Governing Equation for Thin Shell............ovoeimincncnnccnenennennnnes 503
12.1.3 Strain-Displacement Relations ..........cceiiiirirrerirsesesseninnns 506
1214 Principle of Virtual Work ... 507
12.1.5 Surface ApproxXimation ... 508
12.1.6  Discretized EQUAtONS ......cocovvveiveivisiiiiiniiene oo cescersrseasessesseesseeas 508
12.1.7  Static ANalysis.........ciiiini e s s 509
12.1.8  Free VIDration ........oimrmrciissisesiscssnesesessesenssssssnsssnsssass 509
1219 Forced (Transient) Vibration.......c.cicreeerveevessemsessessvesssssosssesssssseeeas 510
12.1.10 Numerical Example for Static Problems..........cccooviiiniiiiirconcnnrnrnerns 511
Example 12.1 Static Deflection of a Barrel Vault Roof
under Gravity FOICe. ..o senecesensesensssensassesecsesns 511
12.1.11 Numerical Examples for Free Vibration of Thin Shells.................... 514
Example 12.2  Free Vibration of a Clamped Cylindrical Shell Panel ......... 514
Example 12.3 Free Vibration of a Hyperbolical Shell...............ccccvvvnuee. 517
Example 12.4 Free Vibration of a Cylindrical Shell...........coccovneeimncencs 517
12.1.12 Numerical Examples for Forced Vibration of Thin Shells............... 519
Example 125 Clamped Circular Plate Subject
to an Impulsive Load.......cr s 519
Example 12.6 Clamped Cylindrical Shell Subject to a Sine Load .............. 519
Example 12.7 Clamped Spherical Shell Subject
to a Sine Curve Load ... 521
12.1.13 RemMArKS ...oovuevitiistsmsecc st b s sasasasens 523
122 EFG Method for Thick Shells ..ot 523
1221 Fundamental Relations...........icvvcrrerrerererercrcrencnsmnnsrsesesnsserereecenereannns 523
12.2.2  Principle of Virtual WorK.......ccconiiiiniini it iecneecssensesnes 524
1223  Numerical EXamples.........coviviiinnneinssecssissionens 525

Example 12.8 Static Deflection of a Barrel Vault Roof
under Gravity FOICe......cmiiiiiicisinisssssinsicsessesstisessssssssssesens 525



13

14

Example 129 Pinched Cylindrical Shell ........wwurersescosnrissrrmsissssn 526

Example 12.10 Pinched Hemispherical Shell......oiiisiiiniiniinins 530
12.24  ReINATKS cooicecerirerieeecrerersmses et issiaissssisares s atassnsassssisbbasast st s sasasssesereras 532
12.3  RPIM for Thick Shells.......oiimiiineisnsssnneissssssssssnssssmsssssarssnsesetissins 534
12.3.1 Formulation Procedure......eiiiincsenniissssssssinse 534
12.3.2  Numerical EXAmPples.....oeiiieminsisrsenisissssses e itiisssis s ssssssssns 534
Example 12.11 Barrel Vault ROOf oot 534
Example 12.12 Pinched Cylindrical Shell ..., 541
Example 12.13 Pinched Hemispherical Shell.......iiiisiisssisnininisnnes 541
12.3.3  ReIMATKS cooveeiccerceer sttt sasnse e st s sss s bbbt e s sasnsnsese st 543
124 SUDMINATY worireneemmramarersmsisresarsesssssssssssissessssissssssssensarssstssbasisssasssssasssssssarassss s iassases 544
Boundary Mesh Free Methods...........coiii 545
13.1 BPIM Using Polynomial BasiS.......oouesiseinnminisiiis e 546
13.1.1 Point Interpolation 0N CUIVES ..., 546
13.1.2 Discrete Equations of BPIM......ccormieniiisinisinssanens 549
13.1.3 Implementation Issues in BPIM ... 550
13.1.4 Numerical EXamples...... s 551
Example 13.1 Cantilever BEam......cowiiceeriemmmiiinisinsrmsenesssssssssissssssenss 551
Example 13.2 Plate with a Hole ...cccooeummcinnnnnnnccnicnae. e arees 553
Example 13.3 A Rigid Flat Punch on a Semi-Infinite Foundation ............. 554
132 BPIM Using Radial Function Basis........oemimiiiinin s 557
13.2.1 Radial Basis Point InteTpolation ..., 557
13.2.2 BRPIM Formulation ... sssssssmssssssnsissssssssasasssassesses 558
13.2.3 Comparison of BPIM, BNM, and BEM ... 559
13.2.4 Numerical EXamples........ooeveieiimmnissnsnrissescsrsenetsiiisnin 560
Example 134 Cantilever Beam ... ssssseres: 560
Example 13.5 Plate with a HOle ..ot 562
Example 13.6 Internally Pressurized Hollow Cylinder.........uuinninnnn. 563
133 REIIATKS..coeoerrerrrreertremeeeseseneeemssstasssssssssnsesesstatassssarasessnsedssustasasassensnsssisisssaratsssies 565
Mesh Free Methods Coupled with Other Methods ...t 567
141  Coupled EFG/BEM....oirircrenianerisetmsrnenmsssssisiss s ssssssssssssssssssssssssesesses 567
14.1.1 Basic Equations of Elastostatics .........covecmiecinininninniniisnisi e 568
14.1.2 Discrete Equations of EFG.......cooiiiics 568
14.1.3  BE Formulation........cccemserereninirnmmesrssis e cnmsssssrssssseress s s snsss 569
14.1.4 Coupling of EFG and BE System Equations ........ccooeiineveerserannnnn: 570
14.1.5 Numerical ReSults ...t 574
Example 14.1 Cantilever Beam ...t 574
Example 142 Hole in an Infinite Plate.......ccoeriiiiisnnns 576
Example 14.3 A Structure on a Semi-Infinite Soil Foundation .................. 579
142  Coupled EFG and Hybrid BEM.........ooicoieiminccninmretsssisnsnssessseseess 580
14.2.1 EFG FOrmulation.......cumienensisisissesensmnnssssans e 582
1422 Hybrid Displacement BE Formulation ... 583
14.2.3 Coupling of EFG and HBE ... 584
1424 Numerical Results......cominsisissss e 586
Example 144 Cantilever Beam......vciiiiinnesss e 587
Example 145 Hole in an Infinite Plate...........cccocemeiiininniniinnes 587

Example 14.6 Structure on a Semi-Infinite Foundation ..........cocoovuivivnnnenn. 588



15

16

14.3 Coupled MLPG/FE/BE Methods.......cccovemincciniciniesssecsscssesesesessssesssnn 589
14.3.1 MLPG Formulation ..o s sessssssis s ssseene 590
14.3.2  FE FOrMUIAHON c...cvmmieeceiecicsiniiiticacnareasessessesnss st ses e ssenessseeeserens 590
1433 Coupling of MLPG and FE or BE ..........coccoeersrrrenrnnicesecerenens 591
1434 Numerical ReSults............cooiiinninimenenses et sssssserssiaa 593
Example 14.7 Cantilever Beam.......ccccocoeerenrncniseissssisssminsssseemerniseenss 593
Example 14.8 Hole in an Infinite Plate..........c...cccvevrnrnnrernsneniesionsmnsnsiissenen 594
Example 14.9 Internal Pressurized Hollow Cylinder..............coovververruene. 595
Example 14.10 A Structure on a Semi-Infinite Foundation......................... 596
144 REMATKS..uuiiitcrcr et esetesesess i ne s srsa et st be s sasaesesbsn st 599
Implementation ISSUES.........ccooiiiiiiiiiicccere e 601
15.1 Definition of the Support Domain or Influence Domain ...........cc.ceouvrivmsvnnee. 601
15.2  Triangular Mesh and Size of the Influence Domain..........ccceeovsveemererrnevnenens 602
15.3 Node Numbering and Bandwidth of the Stiffness MatriX......co.c.evovrivernnnne 603
154  Bucket Algorithm for Node Searching ..o 604
15.5 Relay Model for Domains with Irregular Boundaries ...........cccccooourvvrnrnnrnns 605
15.5.1 Problem Statement........c..ocvccniemreinininiecssissssessessssssessesessssessesenes 605
15.5.2  ViSibility MEthOG .cceicevverrereee oo ssessescecceceneresesssesesesesesseemresesesssesesssns 607
15.5.3 Diffraction Method..........co.vvimiiccincemmernniesiesnsisseseesssssesessssssnssenns 607
15.54 Transparency Method...........c.cooiineimmnneneeeseeessiseesse s, 609
1555 The Relay Model ... ssssesssbsss 610
15.6  Adaptive Procedure Based on Background Cells...........ccoooovmirrmerurererenerncnnn. 625
15.6.1 Issues of Adaptive ANALYSiS ........cccormerierienimisessisesnsissieenessrsssnrrens 625
15.6.2  Existing Error ESHMAtes......c.ccoiiecrrmrereiesenesessimsneeneresssssssessssssanss 628
15.6.3 Cell Energy Error EStimate.......o.veeinicienmnnrninenssesssssnsiesesnesseesens 628
15.6.4 Numerical EXamples.........ccocoviiimicinincnsnnrsnnnisssssssssinsesecnrersssssssssnens 631
Example 15.1 Cantilever Beam (Error Estimation) ............co..cccosviveeceeninneso. 631
Example 15.2 Infinite Plate with a Circular Hole
(Error EStMAtiON)......cccocovuireersereissiessesssmmsssssessssnssssssiasssmsesssascsssssssssessssessens 631
Example 15.3 A Square Plate Containing a Crack ........c.covuveeveeerernsionniens 634
15.7  Strategy for Local Adaptive Refinement ........cocovvvvrerrnesisssssesssssnseressinennnas 634
15.7.1 Update of the Density Factor.......cooevcvierreccrcenecesossenecncmrmrnnsisinsessessns 636
15.7.2 Local Delaunay Triangulation AlZOrithm.........ccoueviveeeuecreneiceneornnnns 636
Example 15.4 Infinite Plate with a Circular Hole
(Adaptive ANALYSIS) ......ovveeeeeeee e st e 638
Example 15.5 5quare Plate with a Square Hole
(Adaptive ANAlYSis) ...ttt bt 638
Example 15.6 Square Plate with a Crack (Adaptive Analysis)................. 638
Example 15.7 Square Plate with Two Parallel Cracks
(Adaptive ANAlYSIS) ......cccomiiiiniiniicacmrrsnies st ssssesss s 638
Example 15.8 Arbitrary Complex Domain (Adaptive Analysis}................ 638
158 ReMATKS.cu st st a e nanas 644
METEE2DIO..........oi e bt 645
161  OVEIVIEW ittt erassnseasasssssase s s et b st b 645
16.2  Techniques Used in MEree2D........iiciciiiinessiss s essssessseesssessesses 646
16.3  Preprocessing in MFree2D ...ttt sesrsassssneinsans 646
16.3.1 Main WINAOWS ...ttt ssnass s sssasssessses s sanes 647



16.3.3 Boundary Conditions and Loads ... 650

1634 Modify and Delete Boundary Conditions and Loads ......c.cccueneenns 654

16.3.5 Node GENeration ..........cciimiisiseimiisissrs st s ssssss 655

16.3.6 Materials Property INput ..o 656

16.3.7  MISCRILAMEOUS . ..cconrmrercrisirreriririrsserresissssbesesass sttt sras s rsesssssssssss s sasaseseses 661

164 Postprocessing in MEIEE2D ..ot 661
16.4.1 Start Of MEIeePOSt ..ottt tasieses s 661

1642 WINAow Of MFIEEPOSE.....ccvvieveriec s it 661
.................................................................................................................. 675
........................................................................................................................... 685



