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ABSTRACT

Interferometric imaging systems measure the complex visibility, which isthe Fourier transform of the source brightness
distribution, according to the van Cittert-Zernike theorem. Both the amplitude and phase of the visibility are needed to
produce images of a complex object structure by Fourier inversion. In this paper, by using the generaized imaging
theory of a diffraction-limited incoherent imaging system, the pinhole model and the circular aperture model of the
interferometry are presented and derived. The approximate condition, which should be followed by optical aperture
synthesisimaging interferometry, is obtained by comparing two models. Based on this condition, the angle of field-of-
view (FOV) in the object space is analyzed and determined. At the good approximation, the FOV is about one-sixth of
an Airy disk of a elementary aperture diffraction. Also the computer simulation results are presented and match the
theoretical results very well. This suggests that the extremely high image resolution can be achieved in the
interferometric imaging systems, but it generally has a very small field of view. Such imaging systems are suitable only
for the astronomical application.
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1. INTRODUCTION

The resolution of a diffraction-limited optical telescope is basically given by A/D where D is the diameter of the pupil
aperture of the imaging system and A the observation wavelength. The quest for higher spatial resolution for both Earth
and Space sciences missions will inevitably lead to larger aperture sizes. Unfortunately, there is a physical limit to the
diameter of the conventiona filled aperture telescope that can be made with the current glass-making technology. Even
after we have solved this problem, those of handling and supporting a monolithic mirror with a large diameter will
remain significant challenges. Particularly for space-based applications, the volume and mass constraints of current
launch vehicles as well as the costs become increasingly prohibitive for telescopes with apertures greater than 1 meter.
Since the cost of monalithic optics increases faster than diameter squared, and mirrors such as the 10 meters ground-
based systems and the 2.4 meters Hubble Space Telescope are already at the edge of what is financidly feasible, efforts
are ongoing to break this limit and this trend by employing breakthrough technologies. A number of solutions are
possible and are under investigation™®. It consists of making an array of elementary telescopes (or of mirror segments)
interfere, so that the measured data contains some high re solution information which is given by the separation ( or
baseline) of the elementary telescopes other than by their diameters. This techniqgue may generate an equivalent
instrument of large pupil diameter, even with some holesin the pupil area coverage.

There are two widely used image-plane optical beam combination schemes. One scheme, such as the Fizeau
interferometers, can produce a direct image of the object with full instant U-V coverage by phasing al the collecting
elements. Although the raw imaginary produced by the sparse-aperture system would show significant distortions, near-
diffraction-limited images can be recovered by using appropriate data post-processing techniques. Ancther scheme, such
as the Michelson stellar interferometer, detects the interference fringes produced by pairs of eementary telescopes
either in space or in time, and measures the complex visibility. The complex visibility is also referred to the degree of
mutual coherence, which is equal to two-dimensional Fourier transform of the normalized brightness distribution of the
object. This relation is known as the van Cittert-Zernike theorem, and forms the basis for synthesis imaging used in

' wdyong@bjut.edu.cn, Phone: 8610-67392084, Fax: 8610-67392761

Holography, Diffractive Optics, and Applications Il, edited by Yunlong Sheng,
Dahsiung Hsu, Chongxiu Yu, Byoungho Lee, Proceedings of SPIE Vol. 5636
(SPIE, Bellingham, WA, 2005) - 0277-786X/05/$15 - doi: 10.1117/12.576420



radio astronomy and optical interferometry. Both the amplitude and phase of the visibility are needed to produce the
image of a complex object structure. During an observation run, only very discrete object spectrum values are collected.
The conventiona view is that the first scheme should be used for optical imaging of extended objects and rapidly
changing targets, since the off-axis performance of such a system is limited only by the aberrations in the optics of the
elementary telescopes. On the other hand, the second scheme has a much more limited field-of-view (FOV), which is
roughly the Airy disk size of the elementary tel escope.

The purpose of this paper isto reveal the true reason of the small FOV in details for the second scheme. In Section 2 we
review the generalized imaging theory, and propose to derive the interference fringes of the aperture synthesis imaging
within the theory. In Section 3, we analyze the theoretical FOV s respectivel y under the ideal case and the practical case.
In Section 4, computer-simulation results obtained with the pinhole model and the clear circular aperture model are
presented. Conclusions of our study are presented in Section 5.

2. GENERALIZED IMAGING THEORY

Optical sparse and interferometric systems consist of multiple apertures which are placed with a proper aperture
configuration, and phased together to obtain a direct image or fringe patterns by overlapping naturally the beams in
space through the beam combiner. We consider a aperture synthesis optical system that is an instrument equivalent to a
single refractive telescope. This is in particular achieved with a phased array of elementary telescopes recombined
homothetically to form an image in a common focal plane. So, imaging a distant object at infinity could be described by
asmplified optical layout, as shown in Figure 1. A lens L; produces parallel beams from an extended object located at
its front focal plane Z, smulating the infinity condition corresponding to a source on the sky. A template with apertures
of any desired size and distribution is placed in the paralle light between the lenses L; and L,. The lens L, brings the
beams to form a direct image or interference fringes in its back focal plane, depending on the size of the apertures and
thelr relative arrangement. The focal lengths of two lensesL; and L, aref, and f; respectively.

AYe Li y L, Ayi

template

Figure 1: Equivalent imaging model of optical aperture synthesis interferometry

Assuming that the object illumination isincoherent ( or the object is self-luminous corresponding to the type of sources
actually encountered in radio astronomy or optical astronomy), the system is a diffraction-limited space-invariant linear
system, and then the image intensity |; is a convolution of the intensity impulse response h, with the ideal image
intensity9Ig , or the geometrical-optics prediction of the image for a perfect imaging system. It may be represented by the
equation

Ii(Xi 1yi) = kjj Ig(imyo)hl (Xi - imyi - yo)diodyo' (1)

where K isarea constant, (x_,y,)Iis the reduced coordinates in the object space, and h; is also called the point-spread
function (PSF). The definitions of 1, and h, yield the following relations:
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where 1,(X,,Y,) isthe object intensity, M = f; / f, isthe system magnification, P(x,y) isthe pupil function of the
template, F.T.{} is the Fourier transform operator, A is the mean wavelength, (f,, f,) is the spatial-frequency
coordinates of the Fourier transform.

For the ease of calculation, we discuss the case that the template only includes two same apertures. Then the pupil
function is described by

P(x,y) = Py (% Y) O[8(x— %,y = ¥;) +8(X = X,, Y= ¥,,)]. @3)

where P(x,y) is the complex amplitude transmittance of one aperture, (X;,y;) and (X,,y,) are respectively the
coordinates of the centers of two apertures, and “ 0 is the convolution operand. Substituting (2¢) and (3) into (1), and
deflnlng )_(1 _)_(2 :AXZl and yl - 372 = Ay21, we have

L) =[] 1o v)2F TR0V

X X Yi | Y
x 1+ cos2T (—— + =2 )Ax,, + (2 + 29)A dx_dy. .
{ n[()‘fi Mo 21 ()‘fi )\fo) Y21]} qoA (4)

From equation (4), it is clear that each object point produces a set of interference fringes, which is modulated (or
envel oped) by the Fraunhofer diffraction pattern of the aperture. All the fringes have the same normal direction and the
same fringe period, but theinitial phases are different. That means the central fringes from the different object pointsare

displaced. Theimage intensity 1,(x;,Y;) isthesuperposition of al thefringesin intensity. The fringe spacing is

[o]

d

_ Af M, 53
J(0%,)7 + (8y,)? Ba

By = \/ (AX21)2 + (Ay21)2 , (5b)

where B,; is the separation between the centers of two circular apertures and is sometimes named the baseline length.
The fringes' normal isin the direction parallel to the basdine. If the normal of the fringes has an angle 0 with respect to

the axes of abscissa X; , then 8 =arccos(Axy, / B,;) . Another physical interpretation of the image intensity 1;(x;, Y;)
may best be seen by expressing the cosine function in equation (4) in the form of the addition of two exponentia
functions, and then we introduce the following functions
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Since I,'(x;, Y%y, Y,) isrea and non-negative, it followsthe relation

AX A AXy A
S gﬂ)— o4, v Xfl gﬂ),
(0] (0] (0]

where the asterisk denotes the complex conjugate.

Consequently, (4) may be rewritten as

|i(xi.yi):2o(xi.yi;0.0){1+Vcos[a—2ﬂ(%  + 2 y.)]}

i X
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(62)

(6b)

(")

(82)

(8b)

From equations (6) and (8), it isreadily seen that the image intendity distribution 1, (x,,y,) hasasomewhat form like
the cosine fringe with the visibility V, and the O(x;,y;;0,0) may be thought of as theimage intensity distribution when
there is only one aperture in the template. In other words, the visibility V is equa to the normaized modulus of the
Fourier transform of | '(x;,y;;%,,Y,) @ aspecific spatia frequency, and a is the phase of that Fourier component. It

should be noted that both of V and o are the function of the position coordinates (x;,y;) intheimage plane.

3. ANALYSISOF FIELD-OF-VIEW

3.1 ldeal case: pinhole model
Assuming that each apertureis a pinhole, we have

Ro(x,y) =3(x,y) -
Substituting (9) into (6), we get

lo' (%01 Yo) = 16(X0, ¥o) »

Axy A3/21

O(f
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)

(104)

(10b)
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Then the image intensity can be written as

105, y) = 20(0,0){1+v cosfo-2n( 22 x + 2Ly, )]} - (1)

Thus, for the specific spatial frequency (Ax,, /g, Ay, / Afy) , both of V and o are now constant and are no longer the

function of the coordinates (x;,y;) - It demonstrates that the detected intensity distribution in the whole image plane is

realy the cosine fringe with the visibility V and the phase a. In this case, the observed visibility and the central fringe
position represent the degree of mutua coherence of the object source. Theoretically, by changing the length and the

orientation of the baseline, which means changing the parameters (Ax,,,Ay,,) , We can measure O(Ax/ Afqy,Ay/ Afy)

for many values of (Ax,, /Afy,Ay,, /Afg) - Then if alarge number of discrete spectrum points of the object intensity

are obtained, it is possible to reconstruct the object intensity just by the Fourier inverson. So, from the view of the
reconstruction algorithm, there is no limitation on the field-of-view in the object plane.

3.2 Practical case: circular aperture model

In the practical system, the circular aperture always has a size. Supposing that the diameter of each aperture is 2a, we
writeits pupil function as

2 2
R(xy) = cr(—“xa”> - (12)

Similarly, we obtain from (4)

2

X, X Yi , Yoy
J,| 2ma [(Z- + 29)2 4 (214 2o
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where each fringe produced by a object point is modulated by the Airy pattern inside the integral.

In order to ensure that the measured data, such as the visibility and the phase, can still represent the object spectrum, it is
necessary to move the Airy pattern out the integral in equation (13). That operation will require the area with the non-
zero intensity in the object plane to be small enough. Equivalently, it imposes a limitation on the FOV of the object
intensity. At the same time, it is usually convenient to detect the fringes very close to the center of the system. The
degree of this approximation depends on the distance between the image point, produced by the object point at the edge
of the non-zero area, and the central point of the on-axis Airy pattern. One-dimensiona curve of the Airy pattern is

plotted in Fig.2. With increasng 2 fx2 + fy2 , it oscillates with gradually diminishing amplitude. We can see that

when 2ma,/f,% + fy2 is smaller than some value C, (such as 0.201 or 0.452), the amplitude C, of the Airy pattern

approaches the principle maximum C, =1 and could be thought of as a constant 1. According to the above anaysis,
the maximum FOV in the angle is given approximately by
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When the FOV of the object intensity is larger than 2|90| , the measured data are no longer the Fourier components of

the object intensty because more Fourier components pass through the system. Then the reconstruction agorithm,
which isthe Fourier inversion, will not give the exact object intensity distribution. The trade-off must be made between
the accuracy requirement of the reconstruction and the FOV for practical applications.

L1% 5%
T T

[51[2;73.:31{ v f) b [ 7 )r

o201
L—n. 457
E;fmq'sz +j;u2
0 3.53 7.02

Figure 2: The Airy pattern

4. COMPUTER SIMULATIONS

We have performed a computer simulations of the imaging process for some specific object’s intensity distributions to
illugrate the above analysis. For computational convenience, only one-dimensiona distribution is considered. The
simulation model parameters are given below: the radius of each apertureis a = 0.2m, thefocal length of two lenses L,

and L, is f, = f, =20m, two apertures are separated by distances Ax = 0and Ay =1m, the mean wavelength is
A =500nm.

The first computer experiment consigs of a point object at the y,-coordinate axis, whose intensity is described by
Lo (%) Yo) = 8(%y, Yo — Vo) - The line joining the point object and the center of the lens L, has an angle 8, =y, / f,
with respect to the z-axis. Then the image intensity for the pinhole model and the circular aperture model are denoted
respectively by 1,'(0,6,) and 1,(0,8,), given by

1(0,6,) = 21+ o 2r 2+ (152)
| (0.6.)=2 3,[ora(8, +8,)/3] 21+ o 80, 81 (15b)
0.6,)= =5 {1+ co 2n¢> +Hyay)

where @, =y, / f, is the y-field angle in the image space. Suppose 6, =0, the normalized image intensities
1,(0,6,) and 1,'(0,6,) are plotted in Fig.3. The dotted curve is |,'(0,6;) and the solid curve corresponds to
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1,(0,8,) - The x-coordinate axis represents the y;-field angle and isin units of X/Zna . Since the FOV of a point object

is zero, the interference fringes and its visibility, produced by the circular aperture model is the same as the pinhole

model does, except an envelope of the Airy pattern due to the Fraunhofer diffraction pattern of the aperture. At the
central fringes, their maximum or minimum positions meet each other exactly.

At the second simulation, the object is aline source and symmetrical to the z-axis. The FOV anglein the object spaceis
10, . By selecting several typical value of 8, we plot the image' s normaized intensity distributions 1,(0,6,) and
1,'(0,8,) inFig.4.

~ B
hj2Tg

Figure 3: The normalized image intensities of a point object for two models
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Figure 4: The normalized image intensities of aline object with different FOV angles for two models
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We can see that , when the FOV angle becomes larger, the difference between the fringes generated by two models
increases. The agreement between the smulation results and the theoretical prediction is very good. The maximum
positions in the dotted curve will no longer meet the corresponding maximum positions in the solid curve. That means,
the measured data in the practica system will not be the object spectrum. Only if the FOV is small enough, the observed

fringes may be very close to the fringes with the pinholes. Here, it is suitable to take the FOV angle + 9, < O.5X/2na .
Then the Fourier inversion of the measured data will give the reasonable reconstruction of the object intensity. This
FOV angleisfar smaller than the angular extension of the Airy disk, whichis + 3.83)_\/2na .

5. CONCLUSIONS

The generalized imaging theory of a diffraction-limited incoherent imaging system is proposed to be used to understand
better the imaging process of optical aperture synthesis imaging interferometry. The image intensity distribution for a
two-aperture system has been derived to take into account the size of the elementary apertures and interpreted from the
view of the interference fringes. Furthermore, we focus on the FOV requirements in the cases of the pinhole model and
the circular aperture model. When the apertures are the pinholes, there is no limitation on the FOV because the
measured data represent really the object spectrum. However, with the clear circular apertures of a specific diameter, the
detected fringes may correspond to the Fourier components of the object intensity distribution only when the FOV is
small enough (almost 6 times smaller than the angular width of the Airy disk of the aperture). The basic reason is that
the Fourier relation does not hold between the measured data and the object intensity distribution, when the FOV
becomes larger. It is necessary to make the trade-off between the size of the elementary aperture, the FOV, and the
quality of the reconstructed image.
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